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1:00 - 1:10 


1:10 - 1:50 


Discrete Mathematics 
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October 11-12, 1990 


Schedule of talks 
(All talks given in Student Senate Chambers) 


Thursday, October 11 


Registration 


Welcoming Remarks by Dr. Bobby Wixson, 
Dean of College of Sciences 


Prof. Richard A. Ouke, Department of Mathematics 
Georgia Tech. 


“The Erdés-Ko-Rado Theorem for Small Families" 


Let X be a set of size n, ¥ a family of m k-element subsets of X, k < n/2, and ¥° 
a subfamily of ¥ with the property that IF, F,! 2 +t for each choice of F, 
and F,in ¥’*. It follows immediately from the well-known Erdés-Ko-Rado 


Theorem that for m near i and n sufficiently large the maximum size of ¥* 
in this case is of order (k/n)'m. 


In general let f,(n,k,m) be the minimum of max{I¥°l: ¥°S ¥, 1F, N F,! 2¢ for 
each F, and F, in& ‘J, over all families ® of k-element subsets of X, 


1¥ 1 =m, /Xl =n. Then for n large and m near ts) we have f,(n,k,m) ~ 


(k/n)'m. In joint work with V. Rédl we investigate this function for small m. 
We show, for example, that if k = cn, 0<c< * and m = n, then f,(n,k,m) ~ cn = 
(k/n)m (instead of (k/n)?m as might be expected). Our proof makes use of the 
Regularity Lemma of Szemerédi. Taking ¥ to be the collection of lines of a 
finite protective plane shows that k = cn cannot be replaced by k = Vn in this 
result. In fact, we show that cn cannot be replaced by Vn In (n). The case of m 


1 . 
=n and k =n'*,0<€ <5, remains open. 
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2:10 - 2:50 


3:10 - 3:50 


Prof. Margaret B. Cozzens, Department of Mathematics 
Northeastern University 


“Critical m-nelghbor-connected Graphs" 


Let G be a graph and u be a vertex in G. The closed neighborhood of u is N[u] = 
{uj} U N(u). A vertex u is subverted when N[u} is deleted from G. If S is a 
subset of vertices of G, then G/S denotes G - {N[u]: u e S}. S is called a cut- 
strategy of G if G/S is disconnected, or a clique, or the empty set. We define 
the neighborhood-connectivity, K(G), to be the minimum size of all cut- 
strategies S of G. A graph G is said to be m-neighbor-connected if 
K(G) = m, and critically m-neighbor connected if K(G) = m and for any vertex v, 
K(G/{v}) = m- 1. Gunther in 1972 and 1985 modeled the reliability of a spy 
network using the neighbor-connectivity of a graph. 


A graph G is a minimum critically m-neighbor-connected graph if no critically 
m-neighbor-connected graph with the same number of vertices has fewer edges 
than G. Cozzens and Wu give upper bounds on the minimum size of the 
critically m-nieghbor-connected graphs of fixed order v and show that the 
number of edges in a minimum critically m-neighbor-connected graph with order 


mv 
v , where v is a multiple of m, is |—>|, hence such a graph is always m- 
oJ 


regular. 


Examples of m-neighbor connected graphs and methods of constructing m- 
neighbor-connected graphs will be given in this talk. Insight into the structure 
of this class of graphs will be provided. There are many open problems 
relating the parameter K to other parameters of connectedness, and 
domination. These will be discussed. 


Prof. Douglas R. Shier, Department of Mathematics 
College of William and Mary 


“Cancellation and Consecutive Sets" 


The principle of inclusion and exclusion has been applied to numerous areas of 
discrete mathematics. One manifestation of this principle occurs in expressing 
the probability of the union of events in terms of the alternating sum of 
probabilities of intersections of events. If the events themselves are 
sufficiently well structured, then predictable cancellation occurs in this 
expansion. This talk discusses the special case of “consecutive sets,” in which 
elements occur consecutively in every set. For such sets the inclusion-exclusion 
expansion assumes a particularly nice form, with all reduced coefficients being 
+1. In fact the appropriate sign is determined by the length of a certain path 
in a graph derived from the incidence structure ot the given sets. 
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4:10 - 4:50 


7:30 


8:00 - 
8:10 - 8:50 


Prof. Richard H. Schelp, Department of Mathematical Sciences 
Memphis State University 


Andrew Sobczyk Memorial Lecture 


“The Local Ramsey Number and Local Colorings" 


A local k-coloring of a graph H is a coloring of the edges of H (by any number 
of colors) in such a way that the edges incident to each vertex of H are colored 


with at most k different colors. The local Ramsey number r* ( G) is defined as 


the smallest positive integer m such that K,, contains a monochromatic copy of 
G for every local k-coloring of K,,. This Ramsey number exists and is at least 
as large as the usual Ramsey number r*(G) of G fork colors Results and open 
questions will be presented for the local Ramsey number as .ve!! as for a 
generalization of local k-colorings. 


Social, Jordan Room 


Friday, October 12 


Coffee and Doughnuts, Student Senate Chambers 


Prof. Pravin Vaidya, Department of Computer Science 
University of Illinois 


“New algorithms for minimizing convex functions over convex sets” 


Let S © R" be a convex set for which there is an oracle with the following 
property. Given any point ze R" the oracle returns a "Yes" if z€ S; whereas 
ifz¢S then the oracle returns a "No" together with a hyperplane that 
separates z from S. The feasibility problem is the problem of finding a point in 
S; the convex optimization problem is the problem of minimizing a convex 
function over S. We present a new class of algorithms for the feasibility 
problem based on enclosing the target set S in a polytope whose volume shrinks 
geometrically at each step. A suitable center of the current polytope is used as 
a test point at each step. The new algorithms are faster than the previously 
best known algorithms by a factor proportional to n. The algorithms for the 
feasibility problem easily adapt to the convex optimization problem. 
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9:10 - 9:50 


10:10 - 10:50 


11:10 - 11:50 


LUNCH 


Prof. Dijen K. Ray-Chaudhuri, Department of Mathematics 
Ohio State University 


“Size of an s-Intersaction family in a semilattice and construction of 
vector space designs by quadratic forms” 


Let v, k and s be positive integers, v2 k +s. Let X be a v-set and (% bea set of 
subsets of X, each subset containing k elements. (Q is called a k-uniform 
s-intersection family if and only if I{!AU BI; A, Be G,A#B)}I ss. 
Ray-Chaudhuri and Wilson in their 1975 paper proved that if Q is a k-uniform 
s-intersection family of v-set X, then |G| s (y i This theorem is generalized 
to a class of semilattices called polynomial semilattices which include many 
important combinatorial structures. Let V be a v-dimensional vector space over 
a finite field of order q and ® be a family of k-dimensional subspaces of @. 
The pair (V, ®) is called at - [v, k, A, q ] design iff every t-dimensional 
subspace T of V is contained in exactly 4 elements B of @ . We construct 
several families of vector space designs for t = 2 and 3 by using quadratic forms. 


Prof. Dougias B. West, Department of Mathematics 
University of Illinois-Urbana 


“A Graph-theoretic Game and Its Application to the k-Server Problem” 


We consider a zero-sum game played on the graph between a tree player and 
an edge player. The tree player chooses a spanning tree T and the edge player 
chooses an edge e. Ife lies in T then the payoff to the edge player is zero; 
otherwise, the payoff is the length of the unique cycle created when ¢ is addcd 
to T. We determine the value of the game tor specific classes of graphs and 
derive an upper bound on the value for any n-vertex graph. These results yield 
new competitive randomized algorithms for the k-server problem on a wide 
class of metric spaces. For example, we obtain a 2k-competitive algorithm 
(against oblivious adversaries) for the k-server problem on a circle. This is 
joint work with Noga Alon and Richard Karp. 


Prof. Michael Langsion, Department of Computer Science 
University of Tennessee 


“Polynomial-Time Algorithms from Finite Basis Theorems - A Survey” 


Traditionally, problems have been roughly classified as either “easy” or 
"hard", dependent on whether low-degree, polynomial-time, decision 
algorithms exist to solve them. Until recently, one could expect any proof of 
easiness to be constructive. That is, the proof itself should provide positive 
evidence in the form of the promised polynomial-time algorithm. 


This appealing picture is dramatically altered, however, by recent 
"nonconstructive” developments in the theory of well-partially-ordered scts. 
New algorithmic characterizations are now possible that rely on finite but 
unknown bases of forbidden subgraphs. 


In this talk we will survey some of the main results and open questions related 
to this general topic. 
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1:30 - 2:10 


2:20 - 3:00 


Prof. Gerd H. Fricke, Department of Mathematics and Statistics 
Wright State University 


“On the Product of the Independent Domination Numbers of a Graph and 
Its Complement" 


Let i(G) denote the smallest cardinality of an independent dominating set 
(equivalently maximal independent set) of vertices of a graph G. We will 
study mii(p) = | Gle=p i(G)i(G), the maximum value over p vertex graphs of the 
product of the independent domination numbers of a graph and its complement. 


Recently Cockayne, Favoron, Li, and MacGillivray have shown that i(G)i(G) < 


\ 3° ( 8)" 
: p+ p+ 
ee ee RAT: 
asymptotically by proving the following: 


} We will show that mii(p) behaves like a 


Theorem: Let 0<k< 16. Then there exists an integer py such that 


i(G)i(G) S is for any graph G with IGl = p2p,. 


Prof. Jeremy Spinrad, Department of Computer Science 
Vanderbilt University 


“Containment of Circular-Arcs" 


The neighborhood containment matrix of an n vertex graph is an n by n mairix 
M such that M[x,y] = 1 exactly when N(x) - {y} contains N(y) - {x}. This talk 
presents a method for determining the neighborhood containment matrix of a 
circular-arc graph in O(n2) time. Computing the neighborhood containment 
matrix was a bottleneck step, and possibly the only bottleneck step, of Tucker's 
recognition algorithm for circular-arc graphs. The techniques for computing 
this matrix involve reduction of the problem to containment problems on 
chordal bipartite graphs, and using special properties of chordal bipartite 
graphs. We also pose several open problems on chordal bipartite graphs. 
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3:10 - 3:50 


4:00 - 4:40 


Prof. Stephan Olariu, Department of Computer Science 
Old Dominion University 


“A Fast Parallel Recognition Algorithm for a Ciass of Tree-representable 
Graphs" 


A number of problems in computational semantics, group-based cooperation, 
networking, examination scheduling, to name just a few, suggested the study of 
graphs featuring certain "local density" characteristics. Typically, the notion 
of local density is equated with the absence of chordless paths of length three 
or more. Recently, a new metric for local density has been proposed, allowing 
a number of such induced paths to occur. More precisely, a graphs G is P4-sparse 
if no set of five vertices in G induces more than one chordless path of length 
three. Pg-sparse graphs gencralize the well-known class of cographs 
corresponding to a more stringent local density metric. One remarkable feature 
of P4-sparse graphs is that they admit a tree representation unique up to 
isomorphism. In this work we present a parallel algorithm to recognize P4- 
sparse graphs and show how the data structures returned by the recognition 
algorithm can be used to construct the corresponding tree representation. With 
a graph G = (V,E) with |!V! =n and IE! = mas input, our algorithms run in 
n2+mn 


O(log n) time using of 


=) processors in the EREW-PRAM model. 


Prof. Mark Ellingham, Department of Mathematics 
Vanderbilt University 


"Vertex-switching reconstruction and pseudosimilarity” 


A veriex-swiiching Gy of a grapn G at a vertex v is obtained by deleting all 
edges incident with v, and then adding all possible edges incident with v 
which were not in G. A graph is vertex-switching reconstructible if it is 
determined by its collection of vertex-switchings. Two vertices u and v of G are 
vertex-switching pseudosimilar if they are not similar but G, and G, are 
isomorphic. We talk about some recent advances in the theory of vertex- 
switching reconstruciion, including resulis on verica-switchiag reconstruction of 
classes of graphs and a characterization of vertex-switchiny pseudosimilar 
vertices. 
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Critical m-neighbor-connected Graphs 


Prof. Margaret B. Cozzens 
Department of Mathematics 
Northeastern University 


APPLICATIONS AND BACKGROUND 


Gunther and Hartnell in 1978 introduced the idea 
of neighbor connected graphs to model a spy 
network. 

The vertices of a graph G are stations or people, 
the edges of G represent lines of communication. 


If a station is destroyed, the adjacent stations 
will be betrayed so that the betrayed stations 
become useless to the network as a whole. 


Therefore, we want to see what happens to a 
network when not only vertices are removed, but 
when neighborhoods of vertices are removed. 


The ultimate goal is to design networks with high 
neighbor connectivity at least cost, so that the 
network communications are compromised the least 
in attack scenarios. 


DEFINITIONS 
Let G be a graph with v vertices and € edges. 


closed neighborhood of u: N{u] = {u} U Niu) 
a subverted vertex u: N[u] is deleted from G 
G/S: G - N[S] where S is a set of vertices of G 


S is a cut-strategy if G/S is empty, complete or 
disconnected 


G is m-neighbor connected if 
m = min{|S|: S is a cut-strategy for G} 


K(G) denotes the neighbor connectivity of G 


G is critically m-neighbor connected if K(G) = m, 
but K(G/{u}) = m-1 for all u € V(G) 


G is minimum critically m-neighbor connected if no 
critically m-neighbor connected graph with the 
same number of vertices has fewer edges than G 


CONSTRUCTION OF NEW GRAPHS 


Given a graph G, create the collection GG: 

(1) Each vertex u of G is replaced by a clique 
on of order = degree(u) 

(ii) Ct ard i are joined by one edge if and 

only if u, and u, are adjacent in G 

(iii) Each vertex of C,, is adjacent to at most 


one vertex not in on 


EXAMPLE 


Given a graph G, create the collection Ho as 

follows: 

(i) Each vertex u of G is replaced by a clique of 
order = degree(u) 

(ii) Each clique is connected to another 
clique through a vertex called the 
courier if and only if the corresponding 
two vertices are connected in G. 

(ii1) Each vertex of a clique is connected to at 
most one courier. 


EXAMPLE 


G in #q 


THEOREM 1: If G is an m-connected graph 
then each member of 9 is an m-neighbor 
connected graph. 


THEOREM 2: For any positive integers m and n such 
that m > 1 and n = m+l, there is a class of 
critically m-neighbor connected graphs, each 
of which has n cliques. 


C7 


THEOREM 3: Let m be a positive integer. If G is 
minimum critcally m-neighbor connected with 


order v and é edges then 
[12mv] = € = finmv + 1mr] 
where r is the remainder of v/m. 


COROLLARY: If the order of G, v, is a multiple of 
m and G is a minimum critically m-neighbor 
connected graph then € = f1/2mv]. 


RELATIONSHIP WITH OTHER PARAMETERS 


The neighbor-connectivity number is less than or 
equal to the domination number. 
K(G) = B(G) 
Therefore: 
1. If a connected graph G does not contain P 4 or 
C, as induced subgraphs then K(G) = 1. 
2. If a connected graph G does not contain Ps or 


C5 VE K3 45 
K(G) <= 2. 


as induced subgraphs then 


~The neighbor-connectivity number is less than or 
equal to the connectivity number. 
K(G) = xK(G) 


QUESTIONS: 

1. When are they the same? 

2. What graphs on v vertices maximize both the 
connectivity and the neighbor connectivity 
simultaneously? 


Define the vertex-neighbor integrity of a graph G 
to be: 

NI(G) = min {|S| + w(G/S)} 
where w(G/S) is the size of the largest component 
in G/S and the minimum is taken over all cut 
strategies S. 


3. For fixed v, what graphs on v vertices 
maximize the vertex-neighbor integrity? 


4. For fixed v, what graphs on v vertices 
maximize the vertex-neighbor integrity and the 


neighbor connectivity simultaneously? 


“of neighbor connected vets to rer | . spy* 


veers a 
APPLICATIONS AND BACKGROUND, 


Caine aa Harvie ta 1978 iiitgodoced ‘the. ie, ; 


network, =~ : ar i 
The vertices of a eck 6 are stations or Seople: 
the edges of G represent lines of communication. 


ate fae 


If a station is destroyed, the adjacent stations 
will be betrayed so that the betrayed stations 
become useless to the network as a whole. 
Therefore, we want to see what happens to a 
network when not only vertices are removed, but 
when neighborhoods of vertices are removed, 


The ultimate goal is to design networks with high 
neighbor connectivity at least cost, so that the 
network communications are compromised the least 
in attack scenarios. : 


NN 


i : 4 CONSTRUCTION OF NEW GRAPHS 


bye ts i 


Given a graph G, create the collection Gq: 


(i) Each vertex'u:of Gis replaced by a clique 
Cy, of order =: degree(u) 


Gi) Cy aad Cy are "joined by one edge if and 
uy 


u, 

only if u and u, are adjacent in G . 
(iii) Each vertex of Cy is adjacent to at most 
one vertex not in Cy 


BXAMPLE 


Let G be a “ with u vertices and € edges. 


DEFINITIONS 


closed neighborhood of, u: “N[u = {u} U Niu) ae 


a subverted vertex u: arr is deleted from G | 
G/S: G - N[{S} where S is a set of vertices of G 


S is a cut-strategy if G/S is empty, complete or 
disconnected 


G is m-neighbor connected if 
m = min{|S|: S is a cut-strategy for G} 


‘ &(G) denotes the neighbor connectivity of G 


_ G Is critically m-neighbor connected if K(G) = m, 


but K(G/{u}) = m-) for all u € V(G) . 


G is minimum critically m-neighbor connected if no 
critically m-neighbor connected graph with the 
same number of vertices has fewer edges than G 


' Given a graph G, create the collection 4%, as 


follows: --. 


(i) Each vertex u of G is replaced by a clique of 


order 2 degree(u) 

(ii) Each clique is connected, to another 
clique through a vgrtex called the 
courier if and only if the corresponding 
two vertices are connected in G. 

(iii) Each vertex of a clique is connected to at 
most one courier. 


EXAMPLE 


ngs 


Lay 


eh eek cleo 


THEOREM 1: If G is an m-connected graph 
then each member of @ is an m-neighbor 
connected graph. 


THEOREM 2: For any positive integers m and n such 
thatm > l andn = m+1, there is a class of 
critically m-neighbor connected graphs, each 
of which has n cliques. 


Cc, 
Cy Ce 
C3 (oF 
Cy 
med Ree Ha. 


RELATIONSHIP WITH OTHER PARAms#1 RS 


The neighbor-connectivity number is less than or 
equal to the domination number. 
K(G) = A(G) 
Therefore: 
1. If a connected graph G does not contain P, or 
C4 as induced subgraphs then K(G) = 1. 
2. If,a connected graph G does not contain Ps or 
Cy or K, +p * induced subgraphs then 
K(G) = 2. 


The neighbor-connectivity number is less than or 
equal to the connectivity sumbez. 
K(G) s «(G) 


QUESTIONS: 

1, When are they the same? 

2. What graphs on v vertices maximize both the 
connectivity and the neighbor connectivity 
simultaneously? 


THEOREM 3: Let m be a positive integer. If G is 
minimum critcally m-neighbor connected with 
order v and e¢ edges then 

fiamv] s e Ss fiamv + tamr) 
where r is the remainder of v/m. 


COROLLARY: If the order of G, v, is a multiple of 
m and G is a minimum critically m-neighbor 
connected graph then ¢ = finmv]. 


Define the vertex-neighbor integrity of a graph G 
to be: ; 

NI(G) = min {(S| + w(G/S)} 
where w(G/S) is the size of the largest component 
in G/S and the minimum is taken over all cut 
strategies S. 


3. For fixed v, what graphs on v vertices 
maximize the vertex-neighbor integrity? 


4. For fixed v, what graphs on v vertices 
maximize the vertex-neighbor integrity and the 
neighbor connectivity simultaneously? 


Cancellation and Consecutive Sets 


Prof. Douglas R. Shier 
Department of Mathematics 
College of William and Mary 


CANCELLATION 


AND 


CONSEcuTive SETS 


D. R. Shier 
M.H. Me Tlwain* 


* Supported by NSF-REW at College of 
William & Mary, Summer 1970. 


=e as ee = =} a —=3) as ae Cae aa ee =e =z —a = ew — 
‘ 


awe ee se eee ee i CS me sO 


Conuereut SNSTENS 


In general, have a set of Components 
Ba 44, 2,74 
Component i: fasls with probability 9. = 1- Pp; 
(independently) 


For subsets XCE 
1 ‘€ system operates when Components 
6(X) = | Ln X operate, E-X fail 
O otherwise 
Coherent system: XEY => O(X)4 OY) 
paths et: minimal SSE such thet O(S)e 2. 


A coherent system completely described by E 
and .§ , co\\ection of pathsets. 


PROBLEN: Calculate R= Pr ( O(x)=4 ]. 
If €,~ all components uv pathset S; operate > 


R= Pre LE VE,u-v E, | 


na 


Tvcuusion-Excuusiod APPROACH 


Coherent System (CE 3) 
Components E> {41,2,..,.nt 


pathsets | aj 3, Saysss) Spb 
WHEN ts there uvteresting cancellation uv T/L formula? 


R Pr TE, U E,U--- U E, | 
Pa Pr LE;J - 2 PLE, E] ++. 


Ex.4: S,=£1,2,45, S- £2,294, S3> £1,345 


R= Pipety* Paps * Pi fo fe — 2 P: Po Pe fi 


Exa2: $2 £125, $212.34} S,= {345}, Sy=f5,68 


R= fa * PaPapyt Pa prps + PrPu- Pi Pas fx 
“Pi Pa PS Po P2 Ps puPs- Fapeps Pe + PrfaPof¥ (sf 


Cacarns (t4) versus IS possible. 


Consecutive Systems 


> {S,, Sa, teey Sp 1S @ Cconsecunve System on 
E> 21,2,..,n} if each S, Contains consecutive 
Aements of E F a CL, C3] 


MAIN RESULT. The +1 property holds foc 
Consetuctne Systems. Moreover, there \s 
a Nee interprerohon of O,+1,-1 coeffs. 


It suffrres to study the coeffitrents | 
do (c,i+4,...,.n) 


of f; Par” fr uw the T/E expansion for S. 
FUNDAMENTAL TOOL. 


Pe 0 G=21] = (1-96) Pr CO= l2l* Pe Pr [e4\e] 


foils works 


Can be repeatedly applhed to find dlc, c+1,...,.n). 


EXAM PLE 


Sy: 21,2,3% 
Se * $3,4,5,65 
Sy: 14, 5,6,75 & Consecutive system 


$3: ee 
$3: 1 ! us 
S,: (9, 10,113 


In 18,3: 404,41) = 41 
In 1$,,S2): (7,511) = <1 
Twi S)S.Sht tle) = 2 


PefO=4] = (1-p) Pel O20] +p Pr G=116! 
— 


Oy 
(\-Pp) Pr (G=2]67] + Po Pref b=4| 67 | 
er 
SS 
(1-p_) Pr [G=1| 678] +p, Pr CG=1] 072 | 
a4 


Now eguate coeffs of fof Pu: 


d(b,.., 11) -j A(7,...,41|6) + 4(8,.., 11|67)+d(4,.., 19] 678) 
a1 O +4 


RECURSION 


Tf $;=CZ,5] then 


(4... te) => d(£+1,...| 2) + d( £+2,...,n| 2; £+1) 
+...4d( (+4. 7| ee 


| Certain of the Ferms re automahcaily O; others are 
| d(f,...,.2) UW the Subsystem 5 Sigseay ome ts 


| 


GIVEN sets Sp, Sp-t,..., Sa ordered by increasing £; 
DEFINE Consecutve union grogh, with Vertex wv for 
Ge ing Sy and directed edges (V,w), v>w, if 
ur 'S Consecutive: +172). 


x, = A(R Aiea) 


Sy: £1,234 

Ss ° £3,4,5,6$ 

S £4)5, 6,74 O—-QrO OST 
S,: {67,8 

S : 19, (0,1 -{ ‘eo! L oO me, a 


= 

| 

| 

| 

)  S! 17,8, | XX % % MX 
| 

| 

| recursion On Sets, not Components. 
| 


Trduchion shows x, € £73,0,19. 


CU. Graeus 


veer SSS 


“Which graphs can arise as a7 grophs G? 
rs 2 RS sete Ns Onts eas a 


yore: i,j)eG @™ CUMIEG, Cers} 
> (r,3) € G ? cs ae | 


What conditions on di ? 
Priways have dj =o and fer t>1 


4<d,¢ i-t S0-% 
+ + 
d <a +4 SOB 0 


These conditions on (consecutwe? ouldegrecs characterise 
C.U. graphs; e.g. 
{ dy, dz, ds { = 


Can show 


4e C.U. graphs on e A ow en. 
Rk vertees k- ok 


Avotuer ViewPromwt 


Charactenze when %,=d(L,...yn) ‘5 Ot! ? 


Recall example: COG By) — (1) 


—— 


% Xs Xy Ys Xp xX, 


The {¥-k sat Sfy: 


or 


-_ 
an 
Cal 
- 
ee 
5 ad 
= 


Xt Xa + Hy + IS 
mw tXs +¥e 


Solve Ax=€,, where A= (Ocj) 5 unit lower tnangulac 
a¢y> + for i-dp< jel 
4 iS unt vector G1, 0,...,0)* 


See that A has consecutive 1’4 rows & tn 
Columns: parteularly easy to solve AXx= éy. 


Larcer Example: 


Sy 
Sa 


LIVEAR SNSTEM 


+—+- a. oe ee oF 
% Xe xX et eee Mas Ms lL Del 


Cs 1 

- (4: 

0 | f 
re) 

OA: 
: O 

1 fe) 

my 0 

{ Oo 

Oj 0 

4) O 


a 


a path 1-72 using 
edge (10,11) 


Since tn general A is totally unmodular, the System 


Ax = €, has solumon x with enines € {-4,0,1}. 


NoTE: +1 entries produce (4, 4,..., 4 0,...,0)° 
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-4 “ “ Coro Ceres 0,...,0)* 


Define another graph T(A) to undicate how these 
positwe (negatwe) columns fix +09 ethev 


“£ i|* vertex i ~ column ¢ 
7 edge (i,j) for jo it+dita 
+ 


Convenient to append a new row & column to A 
with Opsiees 24, other entries O. 


Then each C#R+*L hos a unique successors => 
T(A) 1s a tree rooted at verter Rei. 


RESULT 


Theorem. Let P be the path jovnng Land 2 wm TA). 


P contains CR, Rei) > 2, #0. 
Moreover, in this case, ee 
Comments: 
41. TCA)=TLS) can be directly Con structed from 
S21 Spi, Sebi Cop) E TIA) & jaie dies. 
2. Once TIA) ts constructed, the path joing j and 
je determines the coefficient LC dp 055) ne 


Sk = [4,08] 
§* [4,4] 


3. By Coalescing vertices Rk+ im kh. get the 
Appropriate tree for system wits S, removed. 


Sy: £1, 25 
$3: {2,3, 4] 
Co: 634,55 
S$: 5,6} 


EXAmMPLe 


Nonz3er0 feffs. 
£ Sy,...,5;} 


2: + Pi PaPs Peps fe 
3-4: = Pi Papo be 
4-5: + Pp, fa 


1 Sy,--1 Si} 


2-3: — fa Ps Pe Ps 
I-4: + fa Ps Py 


{ $2,..-, $5 
Ind? = Ps Pu Po fo 
2-3: + Pe Pu Ps 

L$, 5.1 Sch 
J-2. + Psfe 


Now covsecutwe TERMS 


Construction of Tid) enobles determinohsn, of 
coeffiewnt dlv,vtl,...w) for Pu Post Py ww the 
L/E expansion of §. 


There con be other terms Ai, Aa,-, A, 
each Cortesponding to Lmaximal) sets of 
consecutive elements: eg. A= 11,23}, A,=£5/6,7.83 


Theorem. d(A,Ay--A,)= CI d(A,) d( A) dA, ) 


Previous example: 


A(1,2,5,6)* -dli2) dl5e) = -1 


————w aw Sl eee es Ul SSS Se ee mm lee Se 


SUNMARY 


Inclusion - exclusion expansion 
98 P 419782 
Pr CE,0---V Ee] KAP IVS?) 
predictable Cance\lotion ? ° 


Consecurve sets Sy, S...., Sp 


Recursion 
Consecuhve union graph 
uses outdegrees 


Linear $ ystem 


based on indegrees 


T(4) 
character of j,4+1 path ww T(L) 


Extension 


column con S@cuywe- systems 


$3: $1,2,3} 
S.: {2,3,4,5} 
s, . { 3,4, of 


—_ 4 ld TREES 


CANCELLATION 
AND 


Consecutive SETS 


D. R. Smer 
M.H. Me Tiwai* 


* Supported by NSF-REW at College of 
Wilham & Mary, Summer 14919. 


Tnccusion-Exczusiod APPROACH 


Coherent system (E, 3) 


Components E* {1,2,...,nt 
pathsers f™ 1S), Sa, Spd 


WHEN (3 there Uvteresting cancellation uv T/E formula? 


R= Pr (LE, yu €,u---u Ey] 
= 2. Pe LE] ~2 PeCEE] +--- 


Ex.4: $,*£1,2,4}, 5,>£2,9f, S52 £1,343 


R= Pipate* Paps Pi fo ty ~ 2 Pipa po fr 


uaz: Se ft2t, S2f234k, 521345}, See E50} 


R* fi fat PP fy* Pops Prfu- Pipe 
“fi PaPs Py Pa PsP Ps- teArpsPe * PA Po-rfsfe 


Ce teens (£1) versus IS possible. 


Coneresr NSTENS 


In general, have a set of Components 
E= §1,2,..,n} 


Component i: fads with probability. g, > SP 
(independeatty) 


For subsets XEE 
L '€ system operates when components 
G(X) 2 | un X operate, E-X fail 
O otherwise 
Coherent system: XEY 32> (xX) 4 GCY) 


pathset: mimmal SSE such thet O(S)EL 


A coherent System completely described by E 
and J, collechon = pathsets. 


PROBLEN: Calculate R= Pr CO(x)=4]. 
If E,~ all components w pathtet S; operate <> 
R= Pr CE VE,v-ve,] 


nS” 


Cowsecunve SYstTems 


b> ES: Sa) Sab is @ consecunve System on 
Fe £1,2,..,n} if each s, Contains conseeurive 
Clements of Es SS; = C40] 


fri] RESULT. The 21 property holds foc 
Contecutwe Systems. Moreover, there is 
a Ne interprerohon of O,+1,-1 coeffs. 


Ct sauffiees to study the coefficients 
Ae, iet,..., nd 


Of Ps Par fr Ww the T/E expension for 3. 


FuNyOAMEATAL TooL. 
PoC G21) = (1-6) Pole ale Pe Pr Cheile] 
ails works 


Can be repeatedly applied tv find dlc, c+1,....n). 


eee eee eee eee eee eee —— eee eee 


et nS 
ES 


EXAM PLE 
RECURSION 
S,: 11,2, ot 
2 £3,45,bh afd - 
- {4% 5, 6,7 & Consecuhve aysvem al $j C46] aan 
Sy: {47 d(4j,..,.n)=- Ieee ZB) + dl §ra,....0) bj a 
= Aa . r...¢a( Ftd oun | Bish 7) 
1° > f] : 
Cerfarw of the Ferns tare automaheaily O; others are 
In TS}: 09,0511) a¢1 d(6,...7) A the subsistem £Syyeos Sak. 
In 151,S25: 207011) 4 -4 
In 13), 5:, Ssh: d (by... 11) = ? GIVEN sets Sp, Spay, St ordered, by increasing 4, 7 
eis al = DEFINE consecuhve union groph, With Vertex wv for 
Pel Bet] * (1-B) Pele sit] pe Felgen ut Cgo tle] : each set Sy and directed edges (Ww), Vvrw, oF 


ee Pea ae US. is consecutive: tert FL. 
(\=pa) Pe (624) 07] + pr Pr CG=4 | 7) Sv Sw yet rly 


xp = A Beem) 


ene %,: {2324 
Ci-p4) Pe [G=4| 78] + py Pr (S=1] 077) Sy: £3,4,5/65 
perenne Spi 45,695 
Sy: £647,3% 
Now equate coetfs of p74 fy: S: 17.5,%t we OX OO 
$2 14,000 t o 4 0 -t 12 


dh byuny 11% =f ALIornp Ah] C) % ALG 18 CH alg vt] 678) 


CECUSSION On Sets, not Components. 


Induction shows x, € £4,0,1}. 


C.U. Graens Avotner ViewProiwwr 


ft — ~--——! Chametense when x,*d(%,,...n) 15 Ort ? 
; Lich gears con onvee ae SY geophe 6? 


SS —- Recall example: 
MOTE: tijeG > CUMeG , t<rs} e@ é. 


w WEG, tesj ; : h a ae A Bal 
——— * f) 
spa the (xrk satisty: 
What conditions on di ? 
Always have di =0 anc for iri 
14d ¢ iva S 0-0 
.y 
* + 
boedies GD ne 
is ib gat ry 
x, = 
These conditions on (consecutive? outderrees characterise X% + te = 
1 OU Graphs; eg. %.¢ tot % = 
: d r 11 « 
{ 4, 4s, ats at $ Suthg Xa > Xe Fy 
: vat for R= ¥ , Oe Oe ee = 
oat ‘ we tXs +¥E = 
Can show Solve Ax=€,, where A= (Ocj) i unite lower Fnantular 
apne 
WCU. graphs on : L zke-2 a aes for ie whe 
Rvecices * hha” Al eI Cg is unit vector 41,0,...,0) 


| LiVeAR SYSTEM 


See that A has conseewsive 1's in rows 2 ia 
columns: partremlarly easy to solve Anx= €4. 


Larcwe Exarece: : 
e-—_++°? + Saisie - 
% Xe ve Ye Me % M% Ve % Kio Xn 


00000000 0 ~ 


edge (40,19) 


@ path 1-92 using 


Since in general Aus toratly unimodular, the System 
Ax>e, has solumon x with enines € {-1,0,1]}. 


NoTs +1 entmes produce (4, 4,-.., 4, 0,...,0)* 

“th 8 “ (0,74, .--,74, 0)..,0)* 
Define another graph T(A) to dicate how these 
positwe (negative) Columns fix 409 ether 


{I* verrex i ~ column é 7 
edge (i,3) for gz te died 
rv 


Convenient +o append a neur row & column to A 
with Operary * 2, other entries 0. 


Then each L#RrL bas a unique successors > 
TOA) 1s a tree rooted at verter Ret. 


ReEsuct 


Theorem. Let P be the path jownng Land 2 tn TAD. 


| P contains Ch, kes) Lp #0. 


Moreover, in this case, Mp =e tt 


| Comments: 
1. TlA)=T($) can be daractly constructed from 
SUS Skr Cape TIA) A> Gain drat, 


| 2 Once TLA) ts constructed, the Path jowming { and 
jrh determines the coefficient Ll 2,-0.5 65) Mm 


| a (4, rr] 
. s; > 04,45] 


3. By Coalescing verhtes R,khei- Rk, get the 
Opproprate tree for system with S, cemoved, 


2: + PAAR PSE, 
a4 = Pi Pars 
@) O—® 4-5: + P, pa 
¥ 
+ 


Exame.e 


$,: {56} WMongao Geffe. 
{ Sq...., Sc} 


| Syste s,} 
2-3: = Pu Ps Pe Ps 
3-4 + Pa Pa Py 


{Says Ss} 


nr, ho? = Pe Perot 
on 35 + POP 6 


LS.,,8¢4 


O—o@ Iai + sf 


emai —s — 
Gems = Bins was 


Nowcowsécutwe Terns 


Construction ef TLI) enables determinohén of 
cOeffiezat aly, v4i,..,w) tor Pu Pari’ Py ew the 
Llé eX pan Sion of £. : 


There can be other terms Ay, faye, Ap 
cach Corresponding to Umaximal) sets of 
Consecute elements: #9 As diask A,*£5,6,7,87 


Theorem. (hy Ay A.) = en a/ Ai) dl Ay) dlA,) 


Previous example: 


d(1,2,56)6 ~h01,2) dls5b) » -4 


Sunmary 


Inclusion exclusion expansion 


See 1978) 
Pr CE,v...u€,] KAP Liens 


Predictable Cance\lation? - 


Consecurwe sets S4,$2...., Sp 


Recursion 
Consecuhve union qtaph 
ases outdegrees 
Linear System 


based on indagrees 
TCS) 
Character of j, j+4 path wy TLL) 


Extension 


column consecutwe systems 


Sy: {1,23} 
Si: {23,45} 
5? L246} 


Andrew Sobczyk Memorial Lecture 


The Local Ramsey Number 
and Local Colorings 


Prof. Richard H. Schelp 
Department of Mathematical Sciences 
Memphis State University 
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é Mead, 
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267-597, 


YA, Lact Ae, \. Lekel, \. Yeietat, V. Rel, 
RH, Schl , 2a. Lege oral £- Colorais 

iia 4, TCTB 4¥3(2) 

C1987’ 129-129, 

3) M.T “ae, £ Oe 

Cot, or a ipifter we TeTR 


0 RA peedkle nd KIS F Karel 
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') Fou £ y Oud m Large Q 
tral - Sing off Cam te 
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() Bak xe VT Maldt ee k 


Herrin. | (2 pistince) (tc) Edges Xa dnd x2 flave the came 
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Ae ant) ¢ [te 


Lack 47,3 ; Cotr. In 4a? EVO) hen xewe a 

2) +/ lutue the . 3 

ag Fla] Fath oc ee 

3 [etna Soe Lith Hour T six formal 
VN aa VA 

Ofour C holinia a ap io Pas: 

ty Atotid at a feped Wiley Nes 


a 


Mucctogou, %y ayy X (asé) F 


Ciffirnt Cole. Mecrizned tir tauke 
td XX: Meise. 


— Cornalititin. (0) there tpt a path 
Aha prot X, 10 a veky 7 
Unth at Lest A(m-a)+ | Lebgter. 
P Ci, ty Sige Si 
ae a %,  % 3 
Couclitinn Li) Xy aa anccclind Zr 
Hoye cloud 6, 6,,- Sg Tlf 
the Leate of P get at moot A Colere. 
Hence Xhere tpiot m-| tdlgfe, db 
291) X43) ca 1 Xnor Jans Urntk the 
hams Cole. Se 


“ 4% ga xy Gant 
Then. de (it) 1%,%, "Wat Gant} Olan 
OH mw wtne. 


Thuw 2 Theorem 3. 


ind a 

| CO ARN] DRY fon all CAL (Se bla-i)ta, 407, 
at) pd (K 7 \a- pt _ rhe S, ta stor on m belece, 

J Pepe  Semct KFA (K+. Y (it) re (P)\s Ahta <f hz 6,1 (mod) 
(ie) (mym) (3,0) ) 2am. tee 24t! fhe 2 (mal3) 

| a5 Noe (Cy) = RC, {a albnm>,?. 


(ii) AF (ey) =17 
Sc ae an (8 ee ee ea 


Fa G 
~” Nip (Bat) = a(B +! = 3amtl, h hy ea 
met teeny S Se (Cy ~ cmotent 
i) AR (mR) = Pad, moa, . vs, Ou) 
AA (wid \= Si oc 5 WV) Fo, a21,t22 
Ve 55) = 
Wit) Fn a 7 Lb bik we tt!) — tt! Que 
q Ay(6)2 31V(CN/) md re Gas ee nes . 
“la < “l) at 
| Beww T ouch fat Nir) < l% I véral-1] . sa 
Nalin of barak £- Colrnig 
Term 4, MC usa h-colned 
Geph, thon Jr owe merochsruali, 


KG) 2 m4+1, G Lidine A /wsnochooele 


aubeaglh. Bo txt KG oe, 


(15)«(4) 7 (a) Uh. ma Longe dalle for b- colormage. 
4 


salina eae einai (Eeeitoee ~ Ramat Dumb fo Harpeth 
: | wich dibitre, At Ky ry Onel m de Peritise witegeu 
BeowecS, ees ae: REm Wane ist epi tu Wx Why ya) 
ae a a aes iy hd tg of 
B- fs ij, Ke a Vay 


Da Ow appliatan of Tarn le Co. prove th 
2 the N- Lief tee [tla Plano 

BY. het K” dente vat ae “eas? Fou Ml dripastite Gpuple B te 

Popegeph ieee Od | fr ale Ue thiols Q boepatié Gapl 

ta  dotruics of atts tele guck tht B puch thet tke. BY, 

the et 0f kddgeo Avnlacning, (n-()=tlowaig : 


A-cothied 

L Ahem tt Collins Q pmovochrmute: 
A ila Sy dea Of B ta Qn crolicte! a 
There §, dat Ghee OW Mm Whkete 
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& < ; 
hig (G)4 6m 


Pa ) The G2) Local Remaer, musmibe 14, 
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Oe gee Colo beat mort Aa an’ (6) dar Well cofoad ofr. Loree 
ts dad 0 rl B- ol of Ky QA fowet unthe Let! Lelalo. Son tuck. 


. Q lace. Me 2 red otuyra* (65. 
he CK, mers) ~ Colonie y* 


| het E(k.) he Asloid auch thet at Loagp 
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Covina 2 Ky avcth these of sts teap 


| Ae | tortora. DY A+ aa Loem, Achat 2 
t RH Colmes C02, --y S,, baed by g, 
Och if dat! usr odd elect ths intr b,c 
Ap peeniig, On Less of true Ky nel dalect ihe 


a 5 ha Cobre C02, -°y Gy, Cabrtunil 


Net Chore tice Ke, qe, 2, Ruck Tht 
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Cc); . 
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x 2¢ 
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mer) tnd Lt p bea [i ,b)-tolon 
Of Kunth mo mans G. ly Oud C5 
are tive patra of § ruck Hed mr Pac. 
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tdlye Colruk C, Ae Color C,, Coleus 
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Repeat this Arcolruia Dureedl 
intl am (Kb) — Colors Vf H 
«2 Obamid ui urhuk tach Pui of 


Qusiallans What io th. analbt Walue 
of 7m 7 hea duck Lat fn Lovnaclef! 
Gy pbb (e) = 4 (s) 2 Mone 


a ean are a 


ee 
i‘ | Gleam 12s Bf H ate a Goer aph thee 
Apeesl (HA) ~ below HW coutiine Lock & sdae. Guph ox a.rubryuph 
let H he Q Graph. coutiining at Theat Seppe mat nel asoemne H 
hoot b+) Lilgien We te wiliwled om failes tee Aoctaus wane bilge pe 
zhane, (H,de)= colorings Of KL (meng) bs Ba duchepaph- Consctler t fesitd 
duck. that tack (yb cology wor Logg of bs Condleimed im K Color Lack. 
A R- colring . St wre obaewed Leyte of HL cop of bo ait 0 Aiffount 
Larkin. thd (Kg py~ctebrengg wer. — Cote (tolerw ly), Gotn all 
puch tolouiye Whewwes sack (¥A)- Ueto Amaining dgte of H auth a eat 
Of Kn et Bo colouis we will call 


Coton. Carb, tack trpg of Hom Ki 
H @ A- good Spigh. ba olrud urth ot mot & hy 

Lottirra.( st pmecct fail da Covllasee pOme 
C polite ) fr tz gpuph H te oe Agent 


qu aun (Hh) - colorvig unth hel 


brlore, Ct Coilradulin + 


! C) 2 Good Guple ae Pa —— 
Greets, Us. pinh dt aniong 


ind DUBS 
Least Ae elgeer aie he- Goo af Oud — i) Te pracasooal 3- 
ea epee ee 

TRernmel3- The myer halls vc penny ea, 


C) £2 3,3, and, 
CE) H she wtaig deioad nts abl Problm, Which & tdge Gpagls omuct H 
Lowneetid graphed r. 4 telat (h 73). Crlivw vin Crlir that smd. all 
Oe Cyto ag WN lg of Be wee 
Faaies Arermaad mame of seger Kn 
5 4% Plnlant dre totred cfm ° 


——a 


We aheur H2K, 4k 
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ity Color whl tate of  fufed K,,., 
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dat m-l Lotnr 
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( .c(4) foal Sie 
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Nolo Ae” sv The torr Orel 
Mucrarwelucl . Ts acm bey Color 
au H,,, Aud the Aemarws 
fdlypo of Ky With a dum be, bolrr. 
Ket H = KV#K, dnd obeowe 
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ee 


Re FeREWCES 
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A, bai 3 Label, 2a. eye, RN. Schl 
7 Numbeo dn Socal boolounas) raphe 
On Conk. 3 (1487) 267-977. ; 

2) A, Aradidlia>, )-dekel, ). netetil , Vv. Réel, 


RH. Schel, 2a. Lege, dorcel b- Cotbrengs) 
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441) 43) a; Miss dai Uurtk the 


Aaowe Color. oS 4 eS, ere es 
Af dé x, ga ae gan 
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New algorithms for minimizing 
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A Graph-theoretic Game 
and its Application to the 
k-Server Problem 


Prof . Douglas B. West 
Department of Mathematics 
University of Ilinois-Urbana 


. GRAPH- THEORETIC GAME 
AND ITS APPLICATION 


TO THE K-SERVER PROBLEM 


Noga -rlon 


e 


Richard Ka rpP 


Douglas West 


he Game 


Given (G,w), a connected! multegraph CG 
with positive eolge weiglfs wees 


efine a mot rix game : tree player picks ‘a 
e player preks e 


. 12 (T if eeT 

Pp yer i§ ¢ e) = oe = $ sat 
“A Se 

; , Mar Mixed strateyies : 


p= prob. cist on trees (fo lime expected (osS ) 
is prob, dist on edges (te guavaviree experted gin) 


Minimax Theorem ef Game Theory : 
Pe RIE I aah 2 no eps 2 regeeen, © 


( \ 
iptimal ~. Maes 4, oek | ected 
or trees ee ae - a bee eye s re off 


The common valee is Val CG w) - 


alCG) iP Wed dnweighted), 


Yote. Val(Gw) <n by using pure strategy MST 


amples 


Complete graph Ky » wet 


uniform coge strategy guarantees at (east 


-O+ [t— Fay 1 +3 = 3-6% ugainst any tree, 


n- | 
equa lity only for stars 


(2) 


uniform star tree strategy guarantees at most 
3- S/n against Qny edge. 


F-o+[i-3]3 = 
tesa the» 


Val CK.) = 3- 6/n 


Weighted cycles 


6: T= OG, -@ Weaw 
we WY 


ia every edge has expect eA payoff (1-)-0 sry 


tree « 


J. Val ay wit i 


VV¥ 


| Cages canweigh ted) “LU 
J 4-regular graphs with girth cleqn apts 
> Vale 2 (ley ») rte " 


1. Nel edges of cost =e login 


Explicit fewnily GRIOS3 | Conjecture: Val(G) eG O (ley a) 2 


he k-Server Problem 


>i1ven metric Space M, service requests processed by k servers. 


Process by moving seyvey to request location. 


Cost = distance moved by servers. 


Tuitral positions ‘lo request sequence 


.et OPT(1, Pp) = optimal off-line service cost. 


et A(mp) = service cost by (deterministic) On-line algoritha, A . 


An on-line algorithm A is C-competitive if 
ACP) = c- OPT (CM p)+a for all ¢T,/). 


> Tf |Mi>k ancl co<k, | c-competitive cletey ministic on-line 
alg. 


= Bounded competitiveness always achieveable 


Note: greedy doesn't work 
cad eS 
aan diy) = shortest journey 


Model by G. w) 


Chrobak-larmere: For a tree- like road network, 


~~} there is k- competitive deterministic ons ive. 
_ Ale: 


ndomized (on-line) algorithm 
Algorithm uses outcome of an experiment, 
50 A(t) is a random variable 
Adversary: may specify entire 2 in advance = oblivious ee 


may specify next request based on service choices = adaptive 


A is ¢- competitive .if E (ACt,p)) SoC: OPT LH, P) +a for all (1,7) 


. - Aes at - x 


Neorem 4: If (G,w) moclels a road network M, then 
da kC1+ Val (6,w)) - competitive randomized on-line 
algorithm for the k-servey problem on M against an obliv. adv. 
Bw: ckeo 
“004: Aigorithm: 
— Use optimal tree strategy on CG,w) to select tree T., 
—> Alony each e¢T, pick a random point x, to cut at. 
— Process 2 along resulting G’ using C-L algerith 


— G~) CG" 
experimental (— 


CAI aples Am p> = k OPTCmp) Sor all (iP) 4° outcome 


/ 


Ny ew 


suffices to shaw E(oPT/(np)) < (It Val (6,~)) OPT (mp) 
! wt cs wale etl 


tae eee ae i areca) 


‘oof of E(OPT (ap) < [t+ Val (6,)] OPT(m, p) 


Simulate the moves for OPT lap) on GC’, A 

Te., when asked to cross roadblock on ¢ IS 
travevse cycle(e) to get te the othey side. lL é . 
Cost of detour is cycle(e) when cross Ke oe 

riven S chosen with Probability PCT) - ele 


et dle) = total distance traveled on Cc by Ofte 2) 


f c4T ) expected 4 times Cross random point Xe is a 
Nas Le 


we) C fF ee 


xpected cost of detours fr c is de®) aie : ged = d@)cTe) 


xpected total cost of detours iS 


| dé 
ae pct) Zig dle\e(Te) = OP lip) 2: ee p(T) (3) (Te) 


= oPtines Val (G,w) Gare), a clistribation 
‘ E(orTcap) < E( ig pt peso < [Ae Val (6,~)] OPT Crp) 


Optimization Prob lem 
What is the best tree against the uniform edge strategy ¢ 


bet R(T) = 75 2clTe) 


7) 


(minimizes the avevaye cost ) 
Let v(Gw) = ming F(T) 
(use v(G) if wE1) 


eorem C Val C6, w) = SAP) uy!) vV(Giw'), where (G/'wanges 
over all weight ek multignaphs obtained from (Gw) by replication. 


ae renie: nf Vn 
505: Given (6/w') let déle)= * copies of e. 
Then v (Glu) = mins ae Ze Ale) clT,e) 
= ming Y. qleyethe) , where yey = A) 
Kronty ming Zycere(le) = max ming 22 Pre cle) = Val (G w) 


iven optimal q , (6/w'\ can approximate it with dley= [+ | Mare)! 
as M9 

zorem 3. Lt is edge-trangitive, then Val€G) <= v(G). 

of. Take i with F(T) =v 06) and images oT noler le» 

) ~-0,. Cf . “4c 

lay eS with probability TZN 8 oe (Mh): oCT)=T'} 

hen expected payoff for any edge @ is 


4 Pays 8 Le)= 
e(T, © ©) ; ic} a) eo <C ,¢') v(G) 


Lagrange 


\ ) 
ic] 2.-<COC1,€) =i Le 


»xXImum : Val Loy n-vertex multigraphs _ UNWEIGHTED 


mS zs 
“ACleg n) FZ MEX) sn Val (G). eae oo flayn tagiegn o ae 
F(n) 
oof. 
—> Suffices to prove that v(G’) < ger isg tiny? 


— Begin by reducing attention to multigraphs. with anin+!) eolges. 
Replace G by H such that v(G’) <= 2v CH) and [EH] encmed 


H hes same underlying qraeh with D distinct edges as G. 


Multi plier ties hce) = {+t [325] Mh, oe: 
hey S. Ae) 


7 
F(T) ee Zhie)c(Te) > | FaeOel(Ge) _ | 
20 La(e) z 


—> Recursive construction of tree 
Seek krge clumps with small diameter and few eolges between 


(siven an integer x= x(n) >4, partition VCG’) inte parts suck that 
A) each part has > xInn vertices. 
BY each part has spanning tree of diameter < 8xlun, 


C) fraction of the edges joining vertices in distinct parts sl. 


contract parts, 
ges between parts 


Use these trees within these parts, 
and build tree recursively on e 


buil ol pactittou: Build parts one by one 


romponents of remaining g raph have > xInn vertices. 


Take a vertex in a remaining commament K, stratify by levels. 


f VY: V; = vert ices a+ distance © in K (Frere start). 
| e E;= edges within V: or to Vo 


et its least “shells such Mat |[V,v - dha) > xian 
ard [Eg] <b LE, e--0 Eze] - 


‘he ew part fe Ve---V;a and vertices of K- Vu Me 
in components of size ad most x(nn. 92 - ome, yp ae, ck 


VC nold by construction. To'shoy diameter < Bxinn: 


Se | *€ Let i“= least level so lV, v---vVie] >x Inn 
Nete i’ Zxlnn ond jE,%---v Evl 2 xan 
5 Claim: 2* < 3xInn. 
+ 
e CF-LUxlin nd 2x nn 
Else |E,v---vEis| 2x lan (Vay = xlan Ci+d) 


>y lan n” > n(arl). 


Recurrence: let z= Bximinn, 
7 l- instead ef 6 F & 
\ 8n L- from diameter bowed on part 
£(r) = 2 [ Zz se+ x i ( = ) @ + z) | B- fuckin at e-Aycs bLotuces par 
1 n 4 i 4- bound an Bpacle 
is Sm dilation for passive tras ', 
Pr 


aets 


3 


With Me= i7lan, have $(n) — M [xias+ £(5,)] 


Iterate tecurrence, choosing No” Ney = Ni xn) ‘ 


With c= ctrPRP obtain Fla) s ec Men nins 


xV ids (anol hype rcubes) 


heorem 5: For grid G with N= n* vertices, 


vlG)e€ OClgN), and hence Val(G) € (Ig N) 


Jpper bound: Meee: tae a 


Define tree le by four popies cr hei, plus center 


Dieweter ds 3+2d,., , solution di< 3Q*)) 


= 3n-/) 
Average cost: ‘ 


F(Te) < 112 202] FCT) + Cne 
F(T) < 4 ] ) + Cn) dy < F(T) +3 = FCT) = 3ign 
2m (n-1) 


wer pound: Main idea Show tat for an avbitrary tree, 
some edges yielel long cycles, somewhat more yielol 
cycles with a smaller lower bound on length ete, 
Count up lewer bounds on “edges with given lower boured on cycle(e) 
and proy | 


emma |: T§ A its vertex subset with [Al = Ar < ny ) 


then J at least a-rows or at least « columns that A 
meets but doesnt fil]. 


“005: Suppose A nits rows, scols, r=5. Then rs2 x2 = rz. 


Dene unless A Fill, row, but then s=n-er. 
SA Fills more than n-X rows and n 


then A has more than pn2.,.2 Jer tices 


-x columns 


emmad if [Al = utc % und |B) <4, then at least 


n/2 vertices of A have neighhovs outside A 
and distance => O%%6 fromall of &. 


roof: Pick an vertrees From distinct rows 


with outside nurs; B eliminates < %/2 


emma 3 For any sp.. Tree T and =n, 
at least ae edges @ have cycle (e) > x6 


roo}: Max deyree | guarantees bifurcation.as “balance as 4, & 


Tteratively cut biggest till get m= | 2] pieces. 


Clain: smallest piece has 207 vertices, — Meainizing % er + hee AX, 
and Fx;2M sek x= M Aime?) 


dverage * delet ed edges incident with a piece [ts <2. 
-, At least half the pieces incident to at most 4 deleted eolges. 


Lemma 2 guarantees %4 verts w distance 2%, to exit. 


é. oa) x x(e F z= endets)) x «(22 pices) (2,25 edger) 


tote 


Gor of Theorem: Given aa Op 
Choose edge C at random set Xm (Te) 
Rien: HOSED = Sc PavOeY) 


L$ Ke nfE4, set walék. 
Then Prob(X2zk)2 “2k > 4 
aun 


e 
‘ t) 1024 I< 


Inn 


AY | 
o > peared ————— 
BOD eases aa 


| | The Game 


Given (G,~), « connected multrgraph CG 
| A GRA PH - T H EOR = r IC GA ME with positive edge weights wed 


a Define a matrix game: tree player picks T 
AND 1TS APPLICA LORS . cena. edge Sage preks € : 
= payoff to if e fj 
| TO THE K-SERVER PROBLEM als player is c(Tie) +f gate 7 ee 
we) 
a o- 
Noga Alon : he) Mixed otrateyies : 


” Richared Kaep pz prob. cist on trees (re limit expected (ass ) 


; ra prab. dist on edges (4 quarancoe axpecied gar) 
Douglas West 


Minimax Theorem of Game Theory : 


minp mary ZZ Pe te oT) = sat minp Zs mete SCl®) 


Val 
optimal ‘ee eee _ nm | expect 
for tres 52 te pel Poul aeons 


The common value is Val CG w)- 


= VallG) iP Wd enweighial). 


Note. Val(Gw).€ n dy using pure strategy MST 


ee Se 


oR tr a A AA IS OR ES SE I IOC 


Sd 


The k-Server Problem 


Examples 


1) Complete graph Ky, wat. Gisen metric space M, service requests processed dy K serves. 


uniform cdge steateyy guarantees at (east Proaess by moving server fe request location. 


0+ ['i- F513 = 3-6/n ugainst any tree, 


: Cost = distance moved by servers. 
equality only for stars 


. Tritral sitions it re ts nce 
uniform star. tree strategy quarantees at most . pe ‘ aii aaa 


HF -0+ [1-2].3 © 3-6/n against any edge. Let OPT(m,p) = optimal off-line service cost 


Let Alimp) = vervice cost by (deterministic) on-line algoritha A 
* Val CK.) = 3+ 6/n arial) cl jacne der won 


An on-line algovithn A is c-competitive if 
ACT, P) Zc. OPT( Mp) +a for all CMP). 


2) Weighted cycles 


( je Tee Cy cee Wt tw y i 
: . Jaa —~ if IMi/>k and e<k, q c-competi tive oleter ministic noe 
For as 3 , every edge has expected payolf A-Z)o+ x. Wet — > Bounded competitiveness always achieveable 
| for % ® a . ” tree « ” “ “ “é r =4 Note: greedy dean't work <= 


n 


ValCCn, we 4 a 


cade bated beer 
Li Sao Road network: . . 
; : day) = ynoetest ourney 


y 


3) Cages cunweighted) vyy Model by (G,w) 
J 4-reqular graphs with girth cloqn — ei , 
“. net edges of cost >= € log n Vale 1 Cay 0) aww os a Chrobak-Larmore: For a tree-like road network 
| i aa there Is K- competitive deterministic on-iine 
£ ‘ aly’ a : alg 
i ida ci Conjecture: Vol(G) € OCime) 2. soe 


ee 


Randomized (on-line) algorithm 
Algorithm uses outcome of an experiment, 
we ACT) is a condom variable 


Adversary: may specify entice 72 in aclance * oblivion’ 
moy specify neat request bared om service chuces * adaptive ! 


ede tv ows piste 


A is c-compatitive if E (ACH, a)) £ ¢. OPTEMP)ea forall (rp) 


naw ved ol haten arty, 


Theorem 1: If (C=) models a road network M, then 
Ja kis Val (0d) - competitive ranceomized on-line ; 
algorithm for the k-server probles on M against an oblix ody. 


Fe: kercenge bili a. 
rae tas “4 oo ae 


Peact: Algorithm: 
=» Use optimal ives strategy on GG,~) to select tree T. 
~— Along each eg T, prsk a random point <_ te cut at. 
— Process o along resulting Ga using C-L algerithm 


B.,7 6, 


C-b implies Adm p) < k OPTCHp) foe all cma) anal Sarericontal G.’ 


suffices te shaw E(opt‘(np)) < Let Val (6) oPT (me) 


Ne anstine alqerithany in vehort/ 


wae ee 


An Opt imization Problem 


What is the best tree against the uniform edse strategy ? 
bet RIM L Sectey 


(minionizes th +) 
te eke es Feat) € avevage cos 


(ote VIG) if wad) 


Theorem 2 Vall6,w) = SP (Gi), where (C u'r anges 


over all weighted maltigraphs | obtained from (6) by replication 
fon. 


creleling copie: nb<p Tye sw. ids. 


"ere wart, 


Proof: Given Glu) let dle)= * 
Then 


copies of 2 | 
CG’) = Ming ein >a A(e) fT) 

Fmiog 2, ed sCGe) , where sce) = H2, 
Emaey ming Zyerehe) a many ming FE py gg chad 2 Val (G, 4)" 
Given optimal G , (wean appremimate it wibh deed = 16 Mace 


a> M~e oe 
Th tovem 3. 


L4G it cdlge-tranzitive, then Val (6) « (6) 
Freaf. : 


r. : = 
ake T with, FoCTe V6) anol images Ss neler [CCS 
“ Le 
Ta with prebabilit 
probability Pan “fre tle): #72 7°} 
Then expected payoff for any edge © is 


Cord ae 1, itt 
iff De COtN.e)2 Ze cl, oe) in on %(Te’) = 


as 


Play 


v(G) 


—— 


Proof of E(OPT'(n)) < [te Vai (6,~1] OPT(«,p) | 


Simulate the moves Sr OPT) on GC’, 
Te., when asked fo cross roadblack on ¢ 
traverse cycle(e) to get te the othe side. 


Gost of detour is cyclele) when fe ke 


~Given T chosen with Probability PCT) 


fae 


Let dled= total distance traveled On @ by OP ¢r ~) 
IF cd7 , expected * times cross randow point x is Ace) 
wie) 


Expected crt of detours fr dle) fcyclee € cet 
ee { oe cer 2 dee) 


Expected total cost of detours is 


Ze 0D Ze dlerelhe) = Phy F 5, on (22) ected) 


r OPTém ed Val (6, ~) Carey , a distribution 


 Ecorrinp) 3 ec “Ls cles") <= Asvaileni] ovreaa 


Vlaximum -Val for a-vertex multigraphs - UNWEGHTED 


Treen F . fleyn eagles ct 
YER ED) £ MEG in Val (G) °° 2 ofr aias te alae, 
‘ 
Fn) 
£. 
cee Maga toy leg a 


—> Sulfiees to prove that v(G’) 4 «‘ 


— Bagin by reducing attention to multigraphs with sninei) eolaes. 
Replace GC by H such that v(G') ¢ 2v Ck) ome [/H)! Evan 
H vas same underlying gregh wih D distinct edges ac 6’, 
Multi pliesties hrele ir [wes } EMD ID vee an 


ters MEO 
Tyrer 


F(T) Fay ENOMITO > > 3 Zpmioeten 22h 


£(a) 


— > Recursive construction of tree 
Seek hrqe Ce) with small diameter und few edyes betwern 


@L@ 


Given an integer x= x(n) 24, partition V(G’) inte pards suck that 
A) each pact has » xInn vartices 
35 each part has r»Panning tree of diameter < Bxlna, 


C) fraction of the edges jorning vertices in distinct parts ai 


Use these trees withia these parts, contract parts, 
and build tree recursively on eciget between parts 


To build pactitiou: Build parts one by one 

Components of remaining graph heave ~ xIinn vertices. 

Take o vertex in a remeining comment K, stratify by levels. 
V; = vertices at distanee ¢ inK (rm sitart). 


E,3 edges within Vi or fo V;., 


het i= least “shells such that [ye Wa] > cina 
and [Exes | s i IB, «--0 Gs] - 
let the ew. part baw Vu--Va aad vertices of K- Vie--Ms 
in components of size BZ. mott «lan. Sees. 


HAC held by conttruction. Winey diameter < Rainn 3 


bet i’s least level so [V,u---uViul > xinn 
Neve i’ Sulan Gnd jE <---v Bul 2 plan 


Claim: G4 < 2xinn. 


Beunland 25 be 
7 2 plan (ied) 


Elee [E,v--veel 2 x lan (let) 
: >ulan a > nlmi), 


—~ Recurrence: Let ex» Tainlan. 


Ho) safe 3 F(8)cr8d] 


a 


Le ot ineteed of S 

R= fom diameter bewed a0 pars 
De frmchon of euyer Detects pwn 
4+ bem on Spar te 

C= dilation fer passing troupe 


With Mai7lan, have f(a) M(xiore t(Z)] 


LIterate cecusrene, chessing near 


Mn & Mi SKEN:) « 


Grids wand hypercubes) 
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Definition 


A graph G is P4-sparse if no set of five 
vertices of G induces more than one 
P4, 


Cographs: a class of graphs containing no P4s 


P4-reducible graphs: a class of graphs such that every vertex 
belongs to at most one P4 


Applications: scheduling, computational semantics, 


pattern recognition etc. 


Cographs Cliques 


P4 —-reducible graphs 


P4~sparse graphs 


Definition 


Theorem 


For every graph G consider the graph 
C(G) returned by the following procedure: 


Procedure Greedy(G); 
{Input: an arbitray graph G; 
Output: a graph C(G)} 
begin 
C(G) = G; 
while there exists a P4 in C(G) do 
pick an arbitrary P4 uvxy; 
pick z at randon in {u,y}; 
C(G) = C(G)-{z}; 
return(C(G)) 


end; {Greedy} 


For a graph G with no induced C5 the 
following statements are equivalent: 
(i) G is P4-sparse; 

(ii) for every induced subgraph H of 
G, C(H) is unique up to isomorphism 


Consider G,=(V;,@) and G2=(V>,E,) (V;NV,=) 
with V, = {v}UKUR such that 
e KHV }1>2 


e K is a clique. 


e Every vertex in R is adjacent to all the vertices in K and 
non-adjacent to v. 
e There exists a vertex v’ in K_ such that Ng,(v)={v'} or 


Ng,(v)=K-{v’}. 
Choose a bijection f: V; > K-{v’} and define 
G, @ Gy=(V | UV>,E,VUE’) 
with 
{xf(x) | xeV,} whenever Ng,(v)={v’} 
Bis 
{xz | xeV,, zeK-{f(x)}} whenever Ng (v)=K-{v’} 


Theorem G is a P4-sparse graph if, and only if, G is obtained 
from single-vertex graphs by a finite sequence of operations ©, 0, 
o. OU 


| 


Procedure Build_tree(G), 
| {Input: a P,-sparse graph G=(V,E); 
Output: the ps-tree T(G) corresponding to G.} 
| begin 
if Vi= 1 then 
return the tree 1(G) consisting of the unique vertex of G; 
| if G (G) is disconnected then begin 
let Gy), Gy,..., G, (p22) be the components of G (G); 
let T,, To, .. a be the corresponding ps-trees rooted at ry, T, ..., Tp; 
| return the tree T(G) obtained by adding ry), 1,... » Ty as children of a node 
labelled O (1); 
end a 
| else begin (now both G and G are connected) 
write G=G,;@G 
| let T,;, Tz be the corresponding ps-trees rooted at r, and r; 
return the tree T(G) obtained by adding r,, rz as children of a node labelled 2 
end 
| end; (Build_tree) 


| 
| 


An example... 


G 
G ({b,c},®) 
1 
G, ({a}U{a’,b’,c’ }U{d},{aa’,a’b’,a’c’,b’c’,a’d,b’d,c’d}) 


Vv Vv’ 
K R 


An example... 


a P4—sparse graph 


the corresponding tree 


A set C of vertices of G is termed regular if it admits a 
partition into non-empty, disjoint sets K and S satisfying the fol- 
lowing conditions: 

(rl) IKHSE2, S stable, K a clique; 

(r2) every vertex in V—C belongs to precisely one of the sets: 
T(C)={xe V—C | x adjacent to all the vertices in C}; 
I(C)={xe V—C |x non-adjacent to all the vertices in C}; 
P(C)={xe V—-C | x adjacent to all the vertices in K and 
non-adjacent to all the vertices in S}. 

(r3) there exists a bijection f:S—>K such that 
either N(x) AK=({f(x)} for every x in S, 
or else N(x)AK=K—{f(x)} for every x in S. 


P(C) T(C) 


Let G=(V,E) be an arbitrary graph. 


Fact (Regularity is hereditary) 
Let C=(K,S,f) be a regular set in G 
and let Z be a subset of S with |Z| < |S| - 
Then C’ =C- {x,f(x) | x« Z } is regular 


Fact (Containment) 

Let C=(K,S,f) be regular. For every pair of distinct 
u, Vin C with u=f(v) and v+f(u), the unique P4 containing 
u and v belongs to C 


Fact (Black hole property) 
A regular set is maximal if, and only if, every regular 
P4 containing a vertex in C is included in C 


Fact (Separation property) 
Two maximal regular sets coincide whenever they 
intersect 


The ”world ” of regular sets 


Given an arbitrary graph G construct a graph G’ as follows: 


remove in every maximal regular set C=(K,S,f) all the 


vertices in S except for an arbitrary one 


Theorem For every graph G, the graph G* is unique 
up to isomorphism 


Theorem For an arbitrary graph G the following state- 
ments are equivalent: 
(i) Gis P4-sparse; 
(ii) G* is a cograph 


Algorithm Recognize(G); 

{Input: an arbitrary graph G; 

Output: ”yes” or ”no” depending on whether or not 
G is P4~-sparse} 


Step 1. Find all maximal regular sets in G; 


Step 2. Compute G; 


Step 3. if G is a cograph then 
return(”yes”) 
else 
return(’no” 


Step 4. Stop. 


Our algorithm: 


2. 
O(log n) EREW time using o( ae ) processors 


What we do: 
@ recognize P4-sparse graphs; 
@ construct the corresponding tree 


The Algorithm 


@ = The EREW model of computation is assumed; 
@ G is an arbitrary graph represented by adjacency lists; 


@ for every vertex x, assign one processor to every entry on the 
adjacency list of x; 


© the vertices are enumerated as v,,V,, ..., Vin a way that 
will be explained later; 


@ sets will be represented by their characteristic vector; 


%¢ computing the cardinality of a set takes O(log n) time 
using O(n/log n) processors; 


ss given sets S, S’ of vertices of G, computing S-S’, 
SuS’, SOS’, as well as testing S=O, SSS’ takes 
O(log n) time using O(n/log n) processors; 


to compute N[x] we need O(log n) time and 
O(n/log n) processors. 


Processor assignment: 


@ for every x of G, every entry on the adjacency list of x 
receives one processor; 


@ every edgee ;(i=1,2,....m) receives 1+ | n/log n processors 


P( e., 0), P(e, j ee P(e., m) 


Note: the total number of processors is bounded by 
mn 


O( 
log n 


How do we find a regular set? 


N w= NIul-NIw] Nag NIW-NIu] 


Nw N[v]-N[w] 


NS N[w]J-N[v] 


Fact The edge vw is the midedge of a regular P4 in G 
only if Nee | =| Nwy | = 1, and uz¢ E with 
u, z Standing for the unique vertex in Ny 


N i V y 


For every edge e =vw the sets Nw and Nes 


Vv 
can be computed in O(log n) time as follows: 


e N{[v] will be broadcast to all d{v) edges incident 
with v. 


@ N[w] will be broadcast to all d Cw) edges inci- 
dent with w. 


Note: Total number of processors o— dX d(v)) = O(i— ) 
‘loo n G log n 


Procedure Find _Regular_P4s(G); 


0. begin 

1. for every edge e;=(v,w} of G do in parallel begin 

2. NywN[v]-N[ wi; 

3. Nyy N[w]-N[v]; 

4, if N, JAN, EI then (let N,={u}, Nyv=(z}, U={u,v,w,z) } 
5. if uz@E then begin 

6. for all the vertices x in V—-{u,v,w,z} do in parallel 
7. if xé TCUJUP(U)UI(U) then 

8. some processor P(e;,t(#0)) writes a "1" in its own memory; 
o. if no "1" was written then P(e;,0) does the following 
10. - remembers (u,v,w,z}; 

11. - flags itself 

12. end {if} 


13: end {for} 
14. end; (Find Regular P4s} 


Fact Procedure Find_Regular_P4s eee computes the set of all the regular 


P4s in G in O(log n) EREW time using Sree ait ) processors. 
log n 


More terminology... 


regular P4 


Assume u = v, andz=v, withj<k 


u_ is local ’’loser”’ 


Vv is local ’winner’”’ 


@ = Each flagged processor P(i) writes the identity of the lo- 
cal loser and winner into A[i] and B[i], respectively 


(A and B are one-dimensional arrays of m elements ini- 
tialized to 0) 


@ Sort all non-zero entries of A and B and remove duplicates: 
this takes O(log n) time using O(m) procesors 


® Construct a bitvector L: bit i of L is set to 1 iff v, is a local loser 
(This takes O(log n) time and O(n/log n) processors) 


More terminology... 


regular P4 


An endpoint u of a regular P4 is called a global winner 
if the bit corresponding to u in L is 0 


To record all the global winners we construct a bitvector 
W using the information in the array B; 


(This takes O(log n) time and O(n/log n) processors) 


W=W-L (this is the set of all global winners) 


Every flagged processor corresponding to a global winner 
is referred to as essential 


Procedure Find Winners_and_Losers(G); 


0. 


—y 
. 


Z 
3. 
4 
5 


20. 


begin 


A[l:m]<—B[ 1:m]—0; 
Le—We0; 
for every flagged processor P(i) in parallel begin 

A[it]<— local loser corresponding to e;; 

B[iJ— local winner corresponding to e; 

end; {for} 
let A[1], A[2],...A{k] be the non-zero entries of A 
in sorted order with all duplicates removed; 
let B[1], B[2],...B[l] be the non-zero entries of B 
in sorted order with all duplicates removed; 
for all ict to k do in parallel 

set the A[iJ-th bit of L to 1; 
for all iI to [ do in parallel 

set the B[i]-th bit of W to 1. 
WeW-L,; {find global winners} 
broadcast W to all the processors P(i); 
for every flagged processor P(i) in parallel 

if the local winner of e; is in W then 

P(i) does the following: 
- remembers that its local winner is a global winner, 
- marks itself as "essential" 

return(L,W) 


21. end; {Find_Winners_and_Losers} 


et ee 


Fact 


global winners and losers in O(log n) EREW time using O( 


Procedure Find _Winners_and_Losers correctly computes the set of all the 


mn 
) processors. 
log n 


Procedure Construct SK(G); 

0. begin 

l let Wj, W2, ..., Wp Stand for the global winners; 

Z for ie1 to p do in parallel 

3; if processor P(i) is essential then begin 

4 processor P(i) sets to I the bit of S; cooresponding to w;; 

5 let P(il), P(i2), ..., P(it;) (1Sisp) be the 
essential processors whose local winner is w;; 

6. for j1 to t; do in parallel 

+ processor P(ij) sets the k-th bit of S; with 

v, standing for its local loser; 


8. processor P(il) broadcasts to P(i2), ..., PCit:) 
the identity of the two midpoints it stores; 

9. for j<-2 to t; do in parallel 

10). processor P(ij) marks the midpoint it stores coinciding 
with one of the midpoints received; 

11. for j—1 to t; do in parallel 

12. processor P(ij) sets to | the bit of K; corresponding 
to its unmarked midpoint; 

13. T.-K FSi 

14. if N(w)JOAK EI then 

15. f;(w,)€— the unique vertex in N(w) OK; 

16. else 

17. f,(w,)<— the unique vertex in K;-N(w;) 

18. end; {if} 


19. return(SK(G)) 
20. end; (Construct_SK] 


To summarize our previous discussion, we state the following result. 
Fact Procedure Construct_SK correctly computes the information in every 
.! n? ; 
SK[i] (1sisp) in O(log n) time using SE, processors in the EREW-PRAM 
og n 


model. O 


Procedure Recognize P4sparse(G); 

(Input: an asa graph G,E) with VEn and Eem; 

Output: "yes" o" depending on whether or not G is a P4y-sparse graph; } 
0. begin 
Find Regular_P4s(G); 

Find ~Winners_ and Losers(G); 

3 using the information contained in L construct the graph G’; 

4 if Cograph(G" ) then 

dD return("yes”); 
6 
4 


a ss 


return("no") 
. end; (Recognize P4sparse} 
Theorem Procedure Recognize_P4sparse correctly determines whether an 
arbitrary graph G=(V,E) with Men and Ekm is a Py-sparse graph in O(log n) 


n@+imn 
time using O(———) processors in the EREW-PRAM model. 
log n 


Constructing the tree representation of P4—sparse graphs 


T(G), the cotree of the reduced graph G*is available 
as a byproduct of Cograph(G ) 


for convenience we enumerate the maximal regular sets as 


C,=(K,S,f), C,=(K,Sy6), +» Co= KySyf), 


at the end of the successful recognition of a P4—sparse 
graph G, the relevant information about G is stored 
in the tuple (T(G),SK(G)) 


What is SK(G)?? 


ss We can think of SK(G) as a 1—dimensional array such 


ti 


iat S[i] contains the following inforniatiou 


8 characteristic vectors of K and S. 


a the identity of the unique vertex Ww. in F that belongs 


to G* : 
the identity of f(w.) 
r= IK /=1S 


Let w, w,..., Ww be the global winners as recorded in W 


To compute S. every essential processor whose local winner 
is w. sets the j-th bit of S ;, with j standing for its local 
loser 


To compute K. we do the following 


In O(log n) time identify the subset P(i,) 
P(L), «+5 PCit) of essential processors 


whose local winner is v__.. 
Wii] 


Processor PGi) broadcasts to P(i pon P(i,. ) 
I 


the identity of the midpoint it has remembered 


Every processor P(i) marks its own midpoint 
coinciding with the one received by broad- 
casting 


Every processor P(i ) sets to 1 the bit of K, 
corresponding to the unmarked midpoint 
it stores 


Piucedure Paralici_Buiid_ps_ ‘tree(G); 
{Input: a Py-sparse graph represented as (T(G),SK(G)) 
Output: the corresponding ps-tree T(G), rooted at R;) 


0. 


aa. 


12; 
13. 
14. 
15. 
16. 
17. 
18. 


19, 
20. 
ra 
Le 
23. 
24. 
2a: 
20. 
vag 
28. 
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begin 
for every essential processor P(i) do in parallel begin 
create a 2-node B; 
create a l-node y; 
add y as a child of B; 
add A as a child of ¥; 
if r=2 then begin 
add the unique vertex in S—{w;} as a child of B; 
add f.(w;) as a child of y 
end 
else begin 
create a Q-node a; 
add a as a child of B; 
add all vertices in S,—{w;} as children of @,; 
if w; is adjacent to f,(w;,) then 
add f,(w;) as a child of y 
else 
add all vertices in K,-f({w;}) as children of ¥ 
end; (if} 
if d(A”)AN(wi) OK#1 then 
add B as a child of A’ 
else begin 
add B as a child of p(A’); 
delete ’ 
end {if} 
end; {for} 
if d(R)=1 then Reunique child of R; 
return(T(G)) 
end; {Build_ps_Tree} 


Theorem = Procedure Parallel_Build_ps Tree correctly constructs the ps-tree of 


a Py-sparse graph G=(V,E) with Men and Em in O(log n) EREW time using 


Or 


lo 


n 
) processors. 
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Applications: scheduling, computational semantics, 


Common metrics for “local density” 


Complete graph (clique) 


Cliques with a "few” edges missing 


No "long” paths allowed 


A "few” long paths allowed 


fone” path 
rt 


pattern recognition etc. 


P4 reducible praphs 


. P4-sparse graphs 


" end 
end; (Build_wee) 


Definition For every graph G consider the graph 
C(G) returned by the following procedure: 


Procedure Greedy(G); 
{Input an arbitray graph G; 
Output: a graph C(G)} 
begia 
C(G) = G; 
while there exists a P4 in C(G) do 
pick an arbilrary P4 uvxy; 
pick 2 at randon in {u,y}; 
C(G) = C(G)-{z}; 
return(C(G)) 
end; {Greedy} 


Theorem For a graph G with no induced C5 the 
following statements are equivulent: 
(i) G is P4-sparse; 
(ii) for every induced subgraph H of 
G, C(H) is unique up to isomorphism 


ee eee 


Procedure Build _tree(G); 
(Input: a Py—sparse graph Ga(V,E); 
Output: the ps-uree T(G) corresponding to G.} 


begin 
five 1 then 


fcturn ihe wee TCG) consisting of tt i 3 
if G (G) is disconnected then begin phe aunsaabetea 


let Gy, Ga. Gy (p22) be the components of G (&); 
aay in ale Le Bie Corresponding ps-uces rooted at The fae oe Ips 
Lost OR (G) obtained by aduing "lr Tames Ty as Children of a node 


en 
else begin (now both G 
weaeooe and © are connected) 


2 
let Ty, Ty be we corresponding ps-trees roomed air, and £2; 
Felurn the yee T(G) oblained by adding Ty. 2 as children ot & node labelled 2 


Consider G,=(V,,) and G3=(V2,E,) (V;AV3=2) 
with Va = (VJUKOR such: iit 

e KRV +122 

e K is a ctique. 


e Every vertex in R is adjacent to all the venices in K and 
NOn-adjacent to v. 


@ There exists a vertex v' in K such shat Novelty") oF 
Ng(v)=K-(y'}. 
Choose a bijection f: V; ~» K-(v') and detine 
Gy, oe G.=(V V2, E,UE’) 

with 

(x(x) | xe V,} whenever Ng,(v)=(v‘) 

Es 
(xz 1 x€V,, 2€K-(f(x)}} whenever Ng (v)=K~(v') 


Theorem G is a P4-sparse graph if, and only if, G is obtained 
from single-veriex graphs by a finite sequence of operations @, 0, 
eO 


An example... 
G 
G ({b,c},®) 
1 
G, (faJu(a’,b’.c' Ju(d},(aa'ja’b',a'c’ b’c’,a'db’d.cd}) 
Vv y’ 
K R 


An exaMiple A set C of vertices of G is termed regular if it admis a 
partition into non-empty, disjoint sets K and 5S satisfying the fol- 
lowing conditions: 

(rl) KS22, S stable, K a clique; 
a Pé-epans graph (2) every veriex in V-C belongs to precisely one of ihe sets: 
T(C)=(xe@ V-C |x adjacent 10 all the vertices in C]; 


((C)=(xe V-C 1x non-adjacent to al! the veriwes in C); 
P(C)=(xe V—-C | x adjacent to wil the veruces in K and 
non-adjacent to all the vertices in S]. 

(r3) there exists a bijection {:S~sK such that 
eather N(x)AK=(f(x)} for every x in S, 
or else N(x)AK=K-{f(x)} for every x in S. 


KC) ag) 
c 
K ey 
| 
Let G=(V,E) be an arbitrary graph. 
G 

Fact (Regularity is hereditary) 

Let C=(K,S,f) be a regular set in G <P 

and let Z be a subset of S with {Z| < {S| - 2. 

Then C’ =C-{x,f(x) | xe Z } is regular | 


Fact (Containment) 
ae ae i '€ ii eo on For every pair of distinct 

i with u+f(v) and v + {(u), the uni aini 
Candebaneel icc #{(u), the unique P4 containing . 


Fact (Black hole property) 
A regular set is maximal if, and only if, every regular \ 
14 contuining a vertex in C is included in C 


The "world " of regular sets 


Fact (Separation property) 


‘Iwo maximal regular sets coincide whenever they 
intersect 


Given an arbitrary graph G construct a graph G’ as follows: 


remove in every maximal regular set C=(K,S,f) all the Algorithm Recognize(G); 
{Input: an arbitrary gruph G; 
vertices in S except for an arbitrary one Output: "yes” or “no” depending on whether of not 


G is P4-sparse} 
Step 1. Find all maximal regular sets in G; 


Theorem For every graph G, the graph G*is unique Step 2, Compute C; 


up to isomorphism Step 3. if G is a cograph then 


retura("yes”) 
else 
return("no”) 


Step 4. Stop. 


Theorem For an arbitrary graph G the following state- 
ments are equivalent: 
(i) G is P4-sparse; 
(ii) G is a cograph 


, The Algorithm 


Our algorithm: @ The EREW mode! of computation is assumed; 
@ = G Is an arbitrary graph represented by adjacency lists; 


e@ for every vertex x, assign one processor to every entry on the 
adjacency list of x; 


O(tog n) EREW time using o( so ) processors e ces AS MY sretes NAS that 
e@ sets will be represented by their characteristic vector; 
What we do: x © computing the cardinality of a set takes O(log n) time 


using O(n/log n) processurs; 


% —sogiven sets S, S’ of vertices of GC, computing S-S’, 
SuS’, SNS’, as well as testing S=O, SCS’ takes 


@ recognize P4-sparse graphs; O(log n) time using O(n/log n) processors; 
e to compute N[{x] we need O(lug n) time and 
e construct the corresponding tree O(n/log n) processurs. 


Processor assignment: 


@ fac every x of G, every entry on the adjacency list of x 


receives one processor; 
@ every edge e (i= 1,2,m) receives 1+ [ n/log nl processors 


PC €.,0), P(e. 1), -- P(e, m) 


Note: the total number of processors is bounded by 
OL mn 


log n 


How do we find a regular set? 


Now? NIul-N(w] Nv? N(w}-N(u)} 


er 


Pruceduce Find_Regular_P4(G), 

0. vegin ; : : 

1. fur every edge ¢,=(v.w} of G do in parallel begin 

2 pan 

3 Ny tNiwi-ivi; 

4 it N,JaN dot then (let Nye (ul. Neo2lz], Us(uvwiz) 
5 if uza E then begia 

6. fue all the po ree ® uOsiboee do in parallel 

if aw TURP(U RU) then de 

i one pc P(e,,4(0)) writes a “1” in its Own Memory; 
9. if no "17 was writen then P(e,,0) dues the following 


10. + remembers (u,v,w.21; 
Ul, + flags itself 

12. end {if} 

(3. end (for 


H 
14, end; (Find_Reguiar_P4s] 


Fact Procedure Find_Reyulur_P4s correcily computes the set of all the regular 


TN 


P . . or ate 
Pys in G in O(log n) EREW time using Tope 


) processors. 


N we NIVIEN(w) N= NIWIEN(¥} 


Fact The edge vw is the midedge of a regular P4 in G 
only if |N wil =(N V1 slanduzyEw 4 
u, Z standing for the unique vertex in Nw and 
Nw » respectively 


e For every edge e =vw the sets Ny and Nvy 
can be computed in O(log n) time as follows: 


e N{v} will be broadcast to ull d lv) edges incident 
with v. 


N{w] will be broadcast to all d.(w) edges inci- 
dent with w 


More terminology... 


regular P4 


Assume u 3 v. and 2 = y, with j<k 


u is local “loser” 


v is local *winner” 


Each flagged processor P(i) writes the identity of the lo- 
cal luser and winner into A(i} and Bi], respectively 


(A and B are one-dimensional arrays of m clements ini- 
tialized to 0) 


Sort all non-zero entries of A and B and remove dup!.cntes: 
this tukes O(log n) time using O(m) procesurs 


Construct a bitvector L: biti of L is set to 1 iff v is u local loser 
(This takes O(log n) time und O(n/log a) processors) 


ee eee _——— ee 


ns ae eee 


ee ee ee 
eS, 


More terminology... 


ie ee g aw 


tee ee 


—_—_—_—__—_—_——— 


Procedure Find_Winners_and_Losers(C), 
0. begin 


v4 
reguiar Pd 
Vv w 
e An endpoint u of a regular P4 is called a global winner 
if the bit corresponding to u in L is 0 
e To record all the global winners we construct a bitvector 


W using the information in the array B; 
(This takes O(log n) time and O(a/iog n) processors) 


e W =W-L (this is the set of all globai winners) 


te ee ee 


- te eee 


i 


Procedure Consiruct_SK(G); 
QO. begin 
J. Fed Wy, Wa, sae Wp stand for the global winners; 
2. for ii tu p du in parailel 
3, if provessor (i) is essential then begin 
4, Processor P(i) sets to | the bit of S; cooresponding to wy; 
5. lea PCit), PCi2), ..., Pit) (ISisp) be the 
essential processors whose local winner is w; 
6. fur jet tu dy in parallel 
7. Processor (ij) seis the k-th bi Of S, with 
Vy Stunning for its local loser; 
8. Processor I'(i1) broadcasis 10 1°(i2), ..., Pit) 
the identity of the two midpoinis it stores; 
9. fur je2 tu 4, do in paraliel 


10, Processor P(ij) marks the midpoint it stores coinciding 
with one of ihe midpoinis reccived; 

i. fur jet to 6; du in parallel 

12, processor 1’(ij) seis 10 | the bil of K; corresponding 
to iis unarked midpoint; 

13, eK RSI 

14, if NWw)AK BI then 

1S, (Cv the unique veriex in NOWAK, 

16, clse 

7. C(wi)e= the unique vertex in Kj-N(w)) 

18, end; {if} 


19, resuen($K(G)) 
20. cud; (Consuruct_SK} 


ee 
‘TO summurize our previous discussion, we state the folowing result. 


Fact Procedure CunstrucrSK correcily computes the information in every 


2 
SK[i} (15iSp) in Oflag un) time using oe processors in the EREW-PRAM 


model. C) 


Every flagged processor corresponding to a global winner 
is referred to as essential 


AU L:m] eB Lmjed, 

Le—We0; 

for every Nagged processor P(i) in purallel begin 
Alile= lacal loser cortespanding ta ¢,; 


end; {for} 
bet ACL}. Aj2],...Alk] be the non-zero enines of A 
in sorted order wiih ail dupticaics re:noved: 


t 
2. 
3. 
4. 
5. Ble local winner comespondiny (uv ¢, 
a. 
7 


8. fet BEL), BL 2},... tt be the non-zero cures of B 


i sorted order with all duplicates removed: 


9, for albiet to k du in parallel 
10. set the Ali]-th dit of L yo |; 
11, for all ie to I du in parailel 
12, set the Dfif-th bis of W to L. 


13, WeW-L; (lind global winners{ 
14, broadcast W 10 all the processors P(i); 
fur every tlagged processor (i) in puraliel 


16. if the local winuer of ¢, is in W ihe 
7, PCI) does the foltawing: ; : 
18, + remembers that us local winners is a global winner, 


19, + marks uself as “essential” 


20, Terum(L,W) 
21. end; (Find_Winners_and_Losers} 


Wact . Procedure Find _Winners_and_Losers correctly computes the set of all ihe 


global winners and losers in O(log n) EREW time using O( mae processors. 


—_——— 


Procedure Recognize _Paspurse(G); 


(Input: an arbitrary graph G.C) widi Men and tam; 
Output: “yes” or “no” de; 


; Pending on whether or not G is a Py~sparse graph: 
0. begin 

1, Find Regular_PasiG); 

2. Vind “Winwerd and _LosersiG); 

3 using the information Contained in L construct the graph G"; 

4. if Cograpi(G") then 

5s. relurn(“yes*); 

& retum(“no") 


end: (Recognize_P4sparse| 
ee eee 


Theorem Procedure Recoguze_P4spurse correcily determines whe.tcr wa 


arbitrary graph Ge{V,E) with Man und thm 8a Py-sparse graph ia O(tog a; 


n2+ou 


ine asing aga? bracessucs in the EREW-PRAM swdel. 


i ES NTE EA 
ee ee eee 
a a ae 


Constructing the tree representation of Pa~spurse graphs 


@ T(G), the catvee of the reduced graph G*is available 
as a byproduct of Cograph(C) 


e for convenience we enumerate the maximal regular sets as 


C1 KS) 205.0, C= (K,S,f9, 


e at the end of the successful recognition of a P4~sparse 


graph G, the relevant information abaut G is stored 
in the tuple (T(G),SK(G)) 


What is SK(G)?? 
- — ‘ nee ~ - _ _— —_— ee. 2 eee 
F SONS ee See I ee 1 a a eae 
e To compute K, we do the following 


a = [n Ollog n) time identify the subset Pi), 
PCL), ony P(t) of essential processors 


whose local winner is wi 


a ~—=s Processor Pt) broadcusts to PU Dynes PCi,, ) 
the identity of the midpoint it has remembered 


g Every processor P(i) marks its own midpoint 
coinciding with the‘one received by broad- 
casting 


@ Every processor P(i ) sets to 1 the bit of K, 
corresponding to tite unmarked midpoint 
it stores 


@ Wecan think of SK(G) as a l-dimensional array such 
that S[i} contains the following inturmatiun 


Q = characteristic vectors of K and S; 


: the identity of the unique vertex Ww, in 3, that bh 
toG° 


a the identity of fow) 


© 5=1K,1=1S) 


Let Ww, W,. W be the global winners as recorded in W 


e To compute S, every essential processor whose focal winner 
is w, Sets the j-th bit of S ;, with j standing for its local 
loser 


Pracedure Paraliel_Build_ps_Tree(G); 
Unout: a Pa-sparse praph Tepresemed as (T(G),SK(G)) Z 
Oucput: the corresponding ps-iree 1(G), routed a R;) 


a “oe ; K 

{, ur every essentia bessor P(i) du in parallel begin 
2 create 3 2-node i 

3 cteate a |-nade y, 

4. adu {3 a child of f; 

5. add A as a child of y, 

4, if r=2 then begins 

‘- aud the unique vertex in S;~{w,) as a child of p; 
&, usd f(w,) as a child of y 

¥ cud 

1, cise begin 

tie crease a O-node a; 

iva add @ as a child of B; 

13, add all vertices in Si-(w,) as children of a; 

14, if w; is adjacent to f(w,) then 

45, add f(w,) as a child of y 

16. tise 

7 add all venices in K,-(({w;,}) as children of 7 
(a, end: {if} 

19, ITAA IAK Art then a 
ms add §§ as a chilu of 4° 
21, clse begin 
22, add } as a child of pia"); 
23. delete 4° 
24, end [if) 


25. end; (for) 

26. if d(R)=1 then Remunique chilu of R: 
27. return(T(G)) 

28. end; (Duild_ps Tree} 


ee 


Theorem Procedure Paralicl Build _ps Tree correctly constructs the ps-iree of 
@ Persparse graph G={V,E) with Man and Kean in Oftog ay EREW nme using 


a 
O(——— ) processors. 
log n 


Vertex-switching reconstruction 
and pseudosimilarity 


Prof. Mark Ellingham 
Department of Mathematics 
Vanderbilt University 


Recent 
Results. on 


Vertey - Switching 
Recor struction 


Mork Elling lang 
Vanderbil} Unversihy 


WVl-b. 
WV9-2 


Dela: Lak S be ao set of verlces in raph GQ. Then 
S denches VOQ)-§ ees - mn S). 
The S-sutkhi ing s &f G is oblained by 
Ch) delekna all eh eclges bebween Sond S 
C2) addline all absent edges behween S ont S 


Ex: <5 é——e ® 
a ar | 
= or 


a cae Boe = Cau35 a verlex- switching 
Guy = wy 


Nokes: Ge=Gs , Gyy = G, Guy = Gyu 


Detn : The vertex- suiting deck Dy. CG) iS 
the collechion of veslex-suitchings of G: 


Fx: er G2 G3 | Go 


VS deck of G 


(no labels on ver keas) 


WH(~(3 
Wwv3-3 


Veln: H is a VS-reconstruckon of Ci ft 
Dys (HU) = Dvs Ca) 
"+ Ge as VS reconstruckble if sors VS 
reconstruchon of Q is isomorphic lo C. 


Ex: A non - VS keauraeceele parr: 


VN}: : 
rw 


vs deck of boll, 


r-[. 


q 


Several other such pars on 4 veshces exish. 


VS Reconstruchon Coniecture (Stanley 3S) $ 
A roph with n#4 verkces 3 
ee VS reconstuckhle 


Theorem (Stonley (185)$ An n-verlex grph with 
n nok adwisible by 4 Rn VS Gtcnclee ben 


Open Qveskon: What about graphs with 
[2 \%, 20,..., vaskrces ? (Fer 3 uwerhres, 
conje-chure froe by compuber bashing -) 


Nes a Sue preel (Kerasikov & Roar tty) 
— v3es combs methods. 
Notelion: X, (a9 F) = number of k-swiklnings of ‘o} 
Cie, Gs, ISl=ke) which oe Bomorphic to F. 


Rromine k- suiiteh.ags Ai cords ow VS lack , 
k-switlings of \-switdrings of oe “Two cases: 


° . “J Gy 
Vv Ss 
| 


(leet) - svat tel “sy 
(2) 


“jt 
ea 


In tack (ke-1) - sraibolrng 
S  X(THE) = Ge HdX, (AF) + rer) X, (GF) 
JT € Des (G) 


ce 
But if Dys rr) = Dus ava) saMe equalion holds 
with G replace dl by at » se if ; Por given F, we 


mene Se = X, CG2F)-X, (HF) 


we web 
(k+) Ores, + cn-k+)) On-) = © 


(subbrack @ for H from @ for G). 


Inv3-"] 


In particular , if FHaG use have 
BS, 2 Xe CO2G)-X, (HC) 


ee | | 
(e+) Opa, + Cn-ktt) dp =O ‘R 
where, if OC # H, 
So = I-O = 1 
(G) 


6, = O vince G,H have same 
VS oleck, ie. some l-suihhings - 


delving vith ‘nila coneli Hons ©) gives 


dai = CI)” ( ap | Dp 
Sasa =O 
Bul alto, Since Gs = Cs, musk oun Ok= Gale : 
However, 
e if n odd o=l + d,20 


- it n= 2 (Mod 4) dtl F# d,2 —! 
awe, Dye Cos Doe). bak 


Seo wee CON OW 


CEU if n= O (mod 4). | 

Imporbont : ror non- VS reconstroch ble C, (D> Soay5 
Prat a, 70 ; tonplanin Wal xX, (GQ 32C)>0, f 
k ts divisible hy 4. “The s for le Aivisilole 
by 4,O<ksn, G has k-swikhing Gs FG, 


Re. 


Dela: 


— |Lat 


ray teu han Sul >yreyp! ) Aina WARS fre 1 \"\ de, I. 
iaaies, Cor eles, Me & Royle 7 Krastkey 


be Rodi a YN qersredl ) 


An Yadoced Subgrash of graph G 
contains all tdlges meichenk with oe aves 


veskex cab. 
e- , 2 e~—- 6 
bs if induced ot ae 
o———- © e-—e 


CF, G) be number of Moluce el Lobyraphs 


of G which ort = Romor hie Lo F. Want 
to Gad LCR,G) from VS clack, 


Yow Can F occur Ww; VS olacle 2 Two cases! 


-N-p hoes 
Sunk, 
Zlome -1®© 
aly 
@) | > 


So for p-verbex ‘a get equalton 


S URC) = (n-p) (HG) + 2 X(TAF) EGG) 
~ GE dys (G) Catabelled 

J’s 
By taking all such aquabons for suiting aes 


of graphs, et syshen of lineou equations, wy 
bo solve for CCF, GQ) ’s. 


Ex: Suithlaiag, class 3 I Ca ig mf 


> e—e 


Cal en: salons 
Gis tn dede = (-3) (GG) + o(P3, GC) _ 
P's mm dacle = (n-3) o(B,G) + 300C3,G) + 20 %,G) 


i.e. 

me. _ : i once 

3 n- | cCP; Cc) 3's Mm chacle 
Lan solve provided (-3)(w-1)-3 FO, ve. nt 0, 4. 
“Theorem: For n-werhex Q with nzFO (mod 4) arch 


p-verkex Fy can VS reconstuck c( F,G) 
$2 N D Ap. 


Corollary: For n#4 Can VS reconstruck Asher 
of edges Ord verhex ALA ess. 


« (> : 
WS Rese roction by struck neal MECAS 


Assume Devs (a) = Dvys (H) ) G ¢ H. 


Lemma (Krasikov & Rodi V3 For ae washer Vv of G 
there exists UW tock thel 


Gi) iyu joined by eroctly n-2 edges to Lvug; 
Cit) Viand u have a common atighbour Mn G, 


Proof : Qt) C card 
on C#aG, ae eee 
Oy 
ow Vles v Vigy yi 
u' o> wv u! > ul 


Now Gywi= Cavdu Cul es Hy )ue =H 
iy Gy FH has exactly Same number of 
adoes as G. So G has enactl, half of 


possible 2(n-2) edges from Lv, ug to 4v,ug . 


Gity IE nok Ath, 


G Gu FH 
But then GywiG, te HFG, conkeoclicbron. 


WN3 70 
Ns Ss QR. emt bc an Resalts, for Nec fev ale De 


-o dts connecked graphs (Krasikev ) 
Used struchurel lemma, 
n-\ nja-2 
° qrophs with n ("a )< 2 (O= 
Moximum Aearee) CKrasi lov) 


Used da; >? O ) coun Rag arguments, 


e regular graphs re & Route ) 
Used  shruckucal SRaUeRYS.. Stmole, bul 


horder Yhon for verbex delelon 
rcontteuchon. 


+ trranle fren araphs (ME & Royle) 
Recoaniton: osed fack Thal 6(G,C) a 
reconttruckble. 

Reconshuchon: vsrol struckureal lemma, 


reg lov aoe! resulk. 


V erbex. scoitel WAC p seudos? en oily 
Defn. u,v Simalosr if Sone ashomonphism maps ve bo v 
Wf G-uF Grv 


Guasisian ber 
pserato simales if quasisimilar, nok similar 


Theomim (Gedsil & Kocou})} + All pairs of yvasi- 
similor verkees an Craile grophs onte from 
following cons teuchon: 


delebe lo ——-—-y cS) v 
gt G © | 
@ = ] aubomonphin (\ 
H: | Ue ‘ of WI 

e ' 
e ° (areen Arar trae S 
7 Ark COUN orlni + 

of. © \ 
Ex: rs | 
Le = ¢ Worary & Dal nies 


/ 


Z ©) ye | Aclalad 
Nee 


ortainal exam ple 


Vv 


Dela: u,v VS quasisimilas if ore Gy 


VS psrudo simular if VS quasisinilar, nok 
Simulos 


These. CME)® For Lk graphs, all occurences 
of VS quasisimiles varhres ontse from two 
constructions : 

Ci) unalosous Ls: Gedew lk Kocaws Lonshruchon 


BS Ww ra Swi és w uO.) 
J ‘ ia — w 


| \ e— i LX ia — @ 
Vv Vv 


Uv VS preadosimiloy 


Ci) funny Cconskruchton involving Sutter 
allunoale verlres along orbil of owle morphine 
® of geoph H. 


Note: Proof of Throem rmwolved choraclar's mg 
all situaltens where GsFG for some ul 
of wsitces S. Vuk Wan beacon ot f 
GyusaQy +e Cu) tug a Gy 2 Ge. 
Ss 

Uheroterizabion of whtn Cs5C ha ote 
possible mplicabrons Knows hab for 
Rone consttochble G, musik be abs Sof size 
Ai visible by, 4 wh GF, 


weeds 


Defnr Lae S be a ab of varhces in raph GC. “hen 


S denotes VIG)\=-5 (verhces at mw» S$). 
Recent ~~ hk Ssuibdring Ss of Cm obtained by 


C1) dalehng all presert eciger behvaen S and 3 


C2) acted L absenb 3s bel ees. 
Results - on | "gall abueah edhe bhran $ ont 3 


Vertex - Switchin 9 @ CDs re 


Gs 
e Nolahioa: "Gy 2G vg) A vulex-rwitebs, 
Re con st ructi on ae Sn 


Nokes: GgGs, QwsG, GQ 


uv * Cu - 


Dafa: The verter. swikhing deck Dys(G) i 
the collection of vulex-swikehings of C, 


Ex: G2 Gy 
t ame e ° 
Mak Eltingbam IN, ~~ (x] fel 
Vanderbilt Unievaiby + 3 sae 


VS deck of 


leo labels on ver kus) 


mt me em nee ee 


. Dear ™ tg ev NSapeceacinickion & Oxf ; Aikeranive prool CKearikos & Racing) 
Dys (M) # Dyg CG) : ~ vaes Coun bay metheas, 
™ Gi as VS reconsrroskble if every VS 


Nebabien: X,CG4F) © number of kesuildings of G 
remastcton of Ca Romorp hie to G. 


Che, Ge, Shek) whch ave Romorphr lo F. 
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